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Abstrat

The box-sheme of H.B. Keller, initially derived in [22℄ for the one-dimensional heat equa-

tion, is a mixed �nite volume sheme for onservative equations. The basi priniple of the

sheme for equations like div'(u;ru) = f , is to take the average onto the same mesh of

the two equations of the mixed form, the onservation law div p = f and the onstitutive

law p = '(u;ru). In this paper, we perform the numerial analysis of two Keller-like box-

shemes for the one-dimensional onvetion-di�usion equation u

x

� "u

xx

= f . In the �rst one,

introdued by B. Courbet in [9, 10℄, the numerial average of the di�usive ux is upwinded

along the sign of the veloity, giving a �rst order aurate sheme. The seond one is fourth

order aurate. It is based onto the Euler-MaLaurin quadrature formula for the average of

the di�usive ux. We emphasize in eah ase the link with the SUPG �nite element method.

MSC Subjet Classi�ation: 35J25 - 65M15 - 65N30 - 76M12 - 76M20.

Key words: �nite volume method, onvetion-di�usion equation, box-sheme, Keller's sheme,

high order ompat sheme.

1 Introdution

The box-sheme of H.B. Keller [22℄, is basially a mixed �nite volume method, whih onsists in

taking the average of a onservation law and of the assoiated onstitutive law at the level of the

same mesh ell. In partiular, only one mesh is used as well as support of the degrees of freedom

as for averaging the two equations. This design is di�erent from the one of the "ell-entered"

or "ell-vertex" �nite volume methods. Reall that the ell-entered �nite volume method uses

numerial ux formulas at the interfaes of the mesh, involving two ells, or even more (MUSCL

method). In the ell-vertex �nite volume method, (also alled \box-method" or "ontrol volume

method", [17, 2, 16, 4℄), two di�erent meshes are used, one as support of the degrees of freedom,

and the seond for averaging the equations. The prie to pay for the oherene of the box-sheme

formulation is a areful ounting of the total degrees of freedom of the onservative and ux

�
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author thanks partiularly R. Abgrall and A. Bourgeat for the organization of this shool and the ANDRA for

its support.

1



unknowns, and of the number of the test funtions. In [11, 12, 13℄, it has been proved on the

2D Poisson problem, that several natural generalizations of the sheme of Keller are possible

in multidimensions, by using FEM spaes originating from the mixed �nite-element literature.

The sheme results in a mixed Petrov-Galerkin sheme, using pieewise aÆne interpolants both

for the primary unknowns and for the ux. In partiular ases, one obtains a sheme strongly

related to the hybridization of lassial mixed �nite element methods, [1℄

The extension of the box-sheme to onvetion-dominated ows has already been addressed

in [30, 29, 7℄ in the ontext of ompressible aerodynamis omputations. Here, we are interested

in the design and numerial analysis of box-shemes for the stationary onvetion-di�usion

equation u

x

� "u

xx

= f(x), in the spirit of the method of B. Courbet introdued in [9℄. As

in the ellipti (or paraboli) ase, the basi priniple remains to introdue the di�usion ux

p = �"u

x

as an auxiliary variable. Two shemes are onsidered. In the �rst one, an upwinding

of the average p

K

over a \box" K (a ell), is introdued. The expeted e�et is to prevent the

well-known spatial exponential instability at a stationary state u(x), solution of u

x

� "u

xx

= 0,

espeially in boundary layers. However, the resulting sheme is only �rst order aurate in the

�nite-di�erene sense. This is the same e�et as the one due to the upwinding of onvetive

derivative in �nite di�erene or �nite element methods. The seond sheme uses as a main

tool the fourth order aurate Euler-MaLaurin quadrature formula on intervals, as suggested

in [9℄. In this ase, we obtain a fourth order aurate sheme, in the �nite di�erene sense. We

emphasize the following properties of these two shemes. Firstly, they are mixed shemes with a

purely loal reonstrution formula for the ux. This is a well known property in the mixed �nite

element method for ellipti problems, [1, 24, 12℄, but it is less standard for onvetive dominated

equations. Seondly, they admit a formulation as non-standard versions of the streamline-

upwind-Petrov-Galerkin (SUPG) method [3, 18, 19, 20, 21, 26℄ with a partiular design of upwind

parameters. Note that the design of well-suited upwind parameters for suh methods is still an

ative researh topi, [15℄. The methodology introdued here an provide interesting possibilities

for designing suh parameters. Finally, let us mention that there is urrently a renewal of

interest in the design of so-alled �nite di�erene \ompat shemes", for various appliations,

(onvetion di�usion, wave equation, ...) [23, 28, 5, 6, 31℄, after earlier works in the '70, suh

as [8℄. We believe that the formalism of the box-sheme of Keller an bring some larity in the

design of suh shemes, allowing to work diretly on unstrutured meshes, instead of in the �nite

di�erene framework.

The present paper is a �rst attempt to derive in a systemati way high order ompat shemes

of mixed type in the spirit of [22, 9, 10, 12, 13℄, one of the appliations being omputing ows in

porous media. The numerial simulation of suh ows gives still rise to a onsiderable amount of

works in whih the mixed �nite element method, the disontinuous Galerkin method, the �nite

volume method or the ontrol volume method are widely used.

1

. For general referenes on �nite

volumes from a mathematial point of view, we refer to the books [14, 17, 25℄.

The outline of the paper is as follows. After stating the notation in Set.2, we reall in Set. 3

in the ase of the 1D Poisson equation, the design of the box-sheme of Keller, before to perform

its numerial analysis in the FEM framework. A new fourth-order box-sheme is afterwards

introdued and analyzed in the same way. In Set.4, we perform the numerial analysis of a

box-sheme for the stationary onvetion-di�usion equation previously proposed by B. Courbet

in [9, 10℄. Finally, in Set.5, we show how the fourth order sheme of Set.3 an be extended to

1
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the onvetion-di�usion equation. For both shemes, the link with the SUPG method is stressed.

Numerial results as well as extensions to the unstationary onvetion-di�usion equation or to

multidimensions will be reported elsewhere.

2 Notation

In all the paper, we onsider the linear stationary onvetion-di�usion equation with onstant

oeÆients in the segment I =℄0 ; 1[ . Reall that this equation is

�

u

x

� "u

xx

= f(x); x 2 I

u (0) = 0; u (1) = 0

(1)

The veloity is  2 R and the di�usion oeÆient is " > 0. Problem (1) is well posed in H

1

0

(I),

with data f 2 L

2

(I). The solution is

u(x) =

g



(x=")

g



(1=")

Z

1

0

g



((1 � s)=")f(s)ds�

Z

x

0

g



((x� s)=")f(s)ds (2)

with g



(x) = (e

x

� 1)= if  6= 0 and g

0

(x) = x. Let the interval I be disretized by a �nite

element, possibly irregular mesh, with nodes x

1

= 0 < x

2

< : : : < x

N

= 1. We all the ell

K

j�1=2

= [x

j�1

; x

j

℄ a \box", for 2 � j � N . The lenght of the box K

j�1=2

is h

j�1=2

= x

j

�x

j�1

,

with the quasi-uniformity hypothesis C

m

h = h

m

� h

j�1=2

� h, where C

m

> 0 is a onstant.

We all h

j

=

1

2

(h

j�1=2

+ h

j+1=2

) and h

1

= h

3=2

=2, h

N

= h

N�1=2

=2. The baryenter of the box

K

j�1=2

is x

j�1=2

. Eah grid funtion (u

j

)

1�j�N

is identi�ed with the �nite element funtion

u

h

(x) belonging to the pieewise aÆne onforming spae P

1



(I)

u

h

(x) =

N

X

j=1

u

j

'

j

(x) (3)

where '

j

(x) is the standard \hat" funtion entered at node x

j

. We denote also by P

1

;0

(I) the

subspae of P

1



(I) of the funtions u

h

(x) suh that u

1

= u

N

= 0. In the sequel, we simply all

P

1



= P

1



(I), P

1

;0

= P

1

;0

(I). The orthogonal projetor onto the funtions onstant in eah box

is �

0

whih is given by

(�

0

f)

j�1=2

=

1

h

j�1=2

Z

x

j

x

j�1

f(x) dx; f 2 L

2

(I) (4)

The standard L

2

and H

1

norms are denoted by j : j

0;I

; k : k

1;I

, the salar produt in L

2

by

( ; )

0;I

or simply ( ; ). The H

1

semi-norm is j j

1;I

. In addition, the L

2

mesh-dependent norm is

given by

juj

2

0;h

=

N

X

j=1

h

j

u

2

j

(5)

We skip the proof of the following Lemma, whih establishes the link between the norms

juj

0;I

; juj

0;h

; j�

0

uj.

Lemma 2.1 (i) For u 2 P

1



, we have 3

�

1

2

juj

0;h

� juj

0;I

� juj

0;h

.

(ii) There exists a onstant C > 0 independent of h, suh that for any u 2 P

1

;0

,

C h juj

0;I

� j�

0

uj

0;I

� juj

0;I

(6)
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3 Two box-shemes for the one-dimensional stationary di�usion

equation

3.1 Keller's box-sheme

Although rather simple, the interpretation and numerial analysis with �nite elements of the

lassial Keller's box-sheme [22℄, seems not have been addressed in previous works. We sum-

marize here for onveniene some of its properties in the ase of the stationary one-dimensional

Poisson problem:

�

�u

xx

(x) = f(x) ; x 2 I

u (0) = 0 ; u (1) = 0

(7)

The design of the box-sheme for (7) is in two steps, [11, 12℄. Firstly, (7) is reasted in mixed

form

8

<

:

p

x

+ f = 0 (a)

p� u

x

= 0 (b)

u (0) = u (1) = 0 ()

(8)

Seondly, we take the average of (8

a

) and (8

b

) onto the boxes K

j�1=2

, whih gives for the exat

solution (u; p = u

x

)

8

<

:

p (x

j

)� p (x

j�1

) = �h

j�1=2

(�

0

f)

jj�1=2

h

j�1=2

(�

0

p)

jj�1=2

� [u (x

j

)� u (x

j�1

)℄ = 0

u (x

1

) = u (x

N

) = 0

(9)

Considering now (u

j

; p

j

)

1�j�N

approximations of u (x

j

) ; p (x

j

), (9) de�nes a numerial sheme

if we preise a formula expressing an approximation of (�

0

p)

jj�1=2

in funtion of the disrete

values p

j

. The box-sheme of Keller is haraterized by the trapezoidal approximation of the

projetion (�

0

p)

j�1=2

(�

0

p)

jj�1=2

=

1

2

(p(x

j

) + p(x

j�1

))�

1

12

h

2

j�1=2

p

xx

(�

j�1=2

); �

j�1=2

2 K

j�1=2

(10)

Replaing (�

0

p)

jj�1=2

by

1

2

(p

j

+ p

j�1

), suggests to de�ne the box-sheme as

8

<

:

p

j

� p

j�1

= �h

j�1=2

(�

0

f)

jj�1=2

N � 1 equations

1

2

h

j�1=2

[p

j

+ p

j�1

℄� [u

j

� u

j�1

℄ = 0 N � 1 equations

u

1

= u

N

= 0

(11)

(11) is e�etively a square system in (u

j

; p

j

)

1�j�N

sine the number of equations and the

number of unknowns are both equal to 2N . Note also that (11) oinides exatly with (9) when

replaing p by its P

1



-interpolant. The implementation of (11) is arried out by eliminating p

j

by stati ondensation, [11℄. Solving the 2� 2 system (11) in (p

j�1

; p

j

) yields for 2 � j � N

8

<

:

p

j�1

=

1

h

j�1=2

(u

j

� u

j�1

) +

1

2

h

j�1=2

(�

0

f)

j�1=2

p

j

=

1

h

j�1=2

(u

j

� u

j�1

)�

1

2

h

j�1=2

(�

0

f)

j�1=2

(12)
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By identifying the two values of p

j

dedued from (12)

j�1=2

and (12)

j+1=2

, we obtain the sheme

in the unknowns u

j

only

8

<

:

�

�

1

h

j+1=2

(u

j+1

� u

j

)�

1

h

j�1=2

(u

j

� u

j�1

)

�

=

1

2

h

h

j+1=2

(�

0

f)

j+1=2

+ h

j�1=2

(�

0

f)

j�1=2

i

u

1

= u

N

= 0

(13)

If h

j+1=2

= h

j�1=2

= h we reognize the �nite di�erene ompat sheme

�

1

h

2

[u

j+1

+ u

j�1

� 2u

j

℄ =

1

2

[(�

0

f)

j+1=2

+ (�

0

f)

j�1=2

℄ (14)

This sheme is seond order aurate with onsisteny error given by(we all u(x) a formal

solution of �u

xx

= f)

E

h

(u) = �

1

h

2

[u(x

j+1

) + u(x

j�1

)� 2u(x

j

)℄�

1

2

[(�

0

f)

j+1=2

+ (�

0

f)

j�1=2

℄ (15)

= �

1

12

h

2

u

xxxx

+O(h

4

) (16)

In [22℄, Keller proves two error estimates thanks to a �nite di�erene analysis. Translated into

the �nite element framework stated in Set.2, these estimates read

(a) j�

0

~u��

0

u

h

j

0;I

� C h

2

; (b) j�

0

~p��

0

p

h

j

0;I

� C h

2

(17)

where ~u 2 P

1

;0

, ~p 2 P

1



denote the standard P

1



�interpolants of u, p given by

~u (x) =

N�1

X

j=2

u (x

j

)'

j

(x) ; ~p (x) =

N

X

j=1

p (x

j

)'

j

(x) (18)

and where u

h

2 P

1

;0

, p

h

2 P

1



are

u

h

(x) =

N�1

X

j=2

u

j

'

j

(x) ; p

h

(x) =

N

X

j=1

p

j

'

j

(x) (19)

As mentionned by Keller, (17

b

) is not an error estimate, beause p

h

2 P

1



7! j�

0

p

h

j

0;I

is not a

norm over P

1



, due to the presene of the osillating mode p

j

= (�1)

j

; 1 � j � N , suh that

j�

0

p

h

j

0;I

= 0. In addition, (17

a

) is simply a �rst order error estimate in the L

2

norm j � j

0;I

due

to Lemma 2.1 (ii).

In fat, the interpretation of the box-sheme as a �nite-element method allows to perform a

more preise numerial analysis. We note that (11) is equivalent to : �nd (u

h

; p

h

) 2 P

1

;0

� P

1



solution of

�

(p

h;x

+ f ; ~v

h

) = 0 8 ~v

h

2 P

0

(a)

(p

h

� u

h;x

; ~q

h

) = 0 8 ~q

h

2 P

0

(b)

(20)

where P

0

stands for the spae of pieewise onstant funtions on the mesh. Taking ~q

h

=

v

h;x

; v

h

2 P

1

;0

in (20

b

) and noting that

(u

h;x

; v

h;x

) = (p

h

; v

h;x

) = �(p

h;x

; �

0

v

h

) = (�

0

f ; v

h

) (21)

5



The box-sheme is therefore equivalent to two deoupled shemes. Firstly, it redues for u

h

to

the modi�ed standard �nite element method: �nd u

h

2 P

1

;0

solution of

(u

h;x

; v

h;x

) = (�

0

f ; v

h

) 8 v

h

2 P

1

;0

(22)

Seondly, p

h

has the loal expression given by (11), we an rewrite in the form

p

hjK

j�1=2

(x) = u

h;xjK

j�1=2

� (�

0

f)

jj�1=2

(x� x

j�1=2

) (23)

We derive now by a standard �nite element analysis the well-posedness of sheme (11) as well

as a priori error estimates. The box-sheme an be rewritten

p

h;x

= ��

0

f ; u

h;x

= �

0

p

h

(24)

and the interpolate ~u ; ~p of the exat solution u(x), p(x) = u

x

(x) verify

~p

x

= ��

0

f ; ~u

x

= �

0

p (25)

Proposition 3.1

(i) The box-sheme (11) has a unique solution (u

h

; p

h

) 2 P

1

;0

� P

1



verifying

ku

h

k

1;I

+ kp

h

k

1;I

� C jf j

0;I

(26)

(ii) If (u; p) is the solution of (8), (~u; ~p), their P

1



�interpolants, then the following a priori error

estimates hold, (C is a generi onstant independent of h)

8

<

:

(a) ku� u

h

k

1;I

� C h jf j

0;I

(b) ju� u

h

j

0;I

� C h

2

kfk

1;I

() kp� p

h

k

1;I

� C h kfk

1;I

; (d) j�

0

p��

0

p

h

j

0;I

� C h

3=2

jf j

1;I

(e) j�

0

~p��

0

p

h

j

0;I

� C h

2

ju

xxx

j

0;I

(27)

Proof: (i) results simply from (22) and (23). A standard error analysis in P

1

;0

yields esti-

mate (27

a

). Estimate (27

b

) results of the Aubin-Nitshe argument, together with the fat that

jf � �

0

f j

0;I

� C h jf j

1;I

. This estimate implies obviously the �rst Keller's estimate in (17

a

).

Estimate (27



) results diretly from (23). We prove now the two last estimates. Note that the

last estimate is preisely the one given by Keller in (17

b

), using �nite-di�erening arguments.

For the estimate (27

d

), we have the identities

j�

0

p��

0

p

h

j

2

0;I

= (p� p

h

; �

0

p��

0

p

h

)

0;I

= (~u

x

� u

h;x

; p� p

h

) = �(~u� u

h

; p

x

� p

h;x

)

= (~u� u

h

; f ��

0

f) � (j~u� uj

0;I

+ ju� u

h

j

0;I

)jf ��

0

f j

0;I

� Ch

3

kfk

2

1;I

whih gives the result. For (27

e

), we deompose j�

0

~p� �

0

p

h

j

2

0;I

into a numerial quadrature

error part and a onsisteny part

j�

0

~p��

0

p

h

j

2

0;I

= (�

0

~p��

0

p ; �

0

~p��

0

p

h

)

| {z }

(I)

+(�

0

p��

0

p

h

; �

0

~p��

0

p

h

)

| {z }

(II)

(28)

The trapezoidal error estimate (10 ) yields

�

�

�

�

0

~p��

0

p

�

�

�

0;I

� C h

2

jpj

2;I

(29)

6



whih gives

j(I)j � C h

2

jp

xx

j

0;I

j�

0

~p��

0

p

h

j

0;I

(30)

The term (II) vanishes beause

(II) = (u

x

� u

h;x

; �

0

~p��

0

p

h

)

0;I

= (~u

x

� ~u

h;x

; �

0

~p��

0

p

h

)

0;I

= (~u

x

� u

h;x

; ~p� p

h

) = �(~u� u

h

; ~p

x

� p

h;x

) = 0

Finally, the error estimate (27

e

) results only from the seond order quadrature (30). �

3.2 A fourth order box-sheme

Starting again from (9), we build an higher order box-sheme by replaing the trapezoidal

quadrature formula (10) by the fourth order formula dedued from the Euler-MaLaurin series.

Reall that this series reads, for any regular funtion F de�ned on [a; b℄

1

b� a

Z

b

a

F (t)dt =

1

2

(F (a) + F (b))�

m

X

i=1

B

2i

(2i)!

(b� a)

2i�1

(F

(2i�1)

(b)� F

(2i�1)

(a)) �E

m

(31)

with an error term given by

E

m

=

B

2m+2

(b� a)

2m+2

(2m+ 2)!

F

(2m+2)

(�); a < � < b (32)

The B

i

are the Bernoulli numbers de�ned by the serie

t

e

t

� 1

=

+1

X

i=0

B

i

i!

t

i

(33)

Using the fourth order quadrature formula on the box K

j�1=2

= [x

j�1

; x

j

℄ dedued from (31)

yields

(�

0

p)

j�1=2

=

1

2

(p(x

j

) + p(x

j�1

)�

1

12

h

j�1=2

(p

x

(x

j

)� p

x

(x

j�1

))�E

p

j�1=2

(34)

with an error

E

p

j�1=2

=

B

4

h

4

j�1=2

4!

p

(4)

(�

j�1=2

); x

j�1

< �

j�1=2

< x

j

(35)

Sine p

x

(x) = �f(x), we dedue

(�

0

p)

j�1=2

=

1

2

(p(x

j

) + p(x

j�1

) +

1

12

h

j�1=2

(f(x

j

)� f(x

j�1

))�E

p

j�1=2

(36)

Replaing now in (9) (�

0

p)

j�1=2

by the approximated value

1

2

(p

j

+ p

j�1

) +

1

12

h

j�1=2

(f(x

j

)� f(x

j�1

)) =

1

2

(p

j

+ p

j�1

) +

1

12

h

2

j�1=2

(�

0

f

0

)

j�1=2

(37)

allows to write the following box-sheme

8

<

:

p

j

� p

j�1

= �h

j�1=2

(�

0

f)

jj�1=2

1

2

h

j�1=2

[p

j

+ p

j�1

℄� [u

j

� u

j�1

℄ = �

1

12

h

3

j�1=2

(�

0

f

0

)

j�1=2

u

1

= u

N

= 0

(38)

7



Solving (38) in (p

j�1

; p

j

) gives

(

p

j�1

= (u

j

� u

j�1

)=h

j�1=2

+

1

2

h

j�1=2

(�

0

f)

j�1=2

�

1

12

h

2

j�1=2

(�

0

f

0

)

j�1=2

p

j

= (u

j

� u

j�1

)=h

j�1=2

�

1

2

h

j�1=2

(�

0

f)

j�1=2

�

1

12

h

2

j�1=2

(�

0

f

0

)

j�1=2

(39)

The sheme in u

j

after elimination of p

j

is now

8

>

>

<

>

>

:

�

�

1

h

j+1=2

(u

j+1

� u

j

)�

1

h

j�1=2

(u

j

� u

j�1

)

�

=

1

2

h

j+1=2

(�

0

f)

j+1=2

+

1

2

h

j�1=2

(�

0

f)

j�1=2

�

1

12

h

2

j+1=2

(�

0

f

0

)

j+1=2

+

1

12

h

2

j�1=2

(�

0

f

0

)

j�1=2

u

1

= u

N

= 0

(40)

On an equally spaed mesh, the sheme redues to the following �nite di�erene ompat sheme

�

1

h

2

[u

j+1

+ u

j�1

� 2u

j

℄ =

1

2

[(�

0

f)

j+1=2

+ (�

0

f)

j�1=2

℄�

1

12

h[(�

0

f

0

)

j+1=2

� (�

0

f

0

)

j�1=2

℄ (41)

whih is fourth order aurate with a onsisteny error

E

h

(u) =

1

720

h

4

u

(6)

+O(h

6

) (42)

Note that replaing (�

0

f)

j+1=2

, (resp. (�

0

f

0

)

j+1=2

) by a fourth order (resp. third order) formula,

does not modify the fourth order of the sheme. Let us state now the formulation of the box-

sheme (38) as a �nite element sheme for u

h

(x) =

P

j

u

j

'

j

(x) ombined with a reonstrution

formula for p

h

(x) =

P

j

p

j

'

j

(x).

Proposition 3.2 (a) The box-sheme (38) is equivalent to the twofold �nite element sheme:

(i) �nd u

h

(x) 2 P

1

;0

suh that

(u

h;x

; v

h;x

) = (�

0

f ; v

h

) +

1

12

(Æ

h

(�

0

f

0

); v

h;x

)

0;I

(43)

where Æ

h

(x) =

P

N

j=2

h

2

j�1=2

11

K

j�1=2

(x).

(ii) reonstrut p

h

2 P

1



by

p

hjK

j�1=2

(x) = (�

0

p

h

)

jj�1=2

+ p

h;xjK

j�1=2

(x� x

j�1=2

) (44)

with (�

0

p

h

)

jj�1=2

= u

h;xjK

j�1=2

�

1

12

h

2

j�1=2

(�

0

f

0

)

j�1=2

and p

h;xjK

j�1=2

= �(�

0

f

0

)

j�1=2

.

(b) The following superonvergene estimates between the P

1



interpolants ~u, ~p of u; p and u

h

,

p

h

, hold

(i) j~u� u

h

j

0;I

� Ch

4

juj

5;I

(45)

(ii) j�

0

~p��

0

p

h

j

0;I

� Ch

4

juj

5;I

(46)

Note that, due to Lemma 2.1, (ii) is a third order estimate in j~p� p

h

j

0;I

.

Proof: The box-sheme (38) is simply: �nd (u

h

; p

h

) 2 P

1

;0

� P

1



solution of

�

(p

h;x

+ f ; ~v

h

) = 0 8 ~v

h

2 P

0

(a)

(p

h

� u

h;x

+

1

12

Æ

h

f

0

; ~q

h

) = 0 8 ~q

h

2 P

0

(b)

(47)

8



It ould be notied in (47) that the onstitutive law p = u

x

is no longer veri�ed in the mean at

the disrete level, ontrary to (20). This sheme is equivalent to the identities:

p

h;x

= ��

0

f ; u

h;x

= �

0

p

h

+

1

12

Æ

h

�

0

f

0

(48)

Seleting ~q

h

= v

h;x

in (47

b

) gives (43). The reonstrution formula (44) just follows from (47).

Let us hek now (46). As in (28), we deompose

j�

0

~p��

0

p

h

j

2

0;I

= (�

0

~p��

0

p ; �

0

~p��

0

p

h

)

| {z }

(I)

+(�

0

p��

0

p

h

; �

0

~p��

0

p

h

)

| {z }

(II)

(49)

We have

(II) = (�

0

p� u

h;x

+

1

12

Æ

h

�

0

f

0

; �

0

~p��

0

p

h

)

= (~u

x

� u

h;x

+

1

12

Æ

h

�

0

f

0

; �

0

~p��

0

p

h

)

Using the relation

1

12

Æ

h

(�

0

f

0

) = �

0

p��

0

~p+E

p

; E

p

=

N

X

j=2

E

p

j�1=2

11

K

j�1=2

(x) (50)

we obtain �nally (I)+(II) = (E

p

(x);�

0

~p��

0

p

h

), from whih we dedue easily (46). For (45),

we start from the relations ~u

x

= �

0

p, u

h;x

= �

0

p

h

+

1

12

Æ

h

(�

0

f

0

) = �

0

p � (�

0

~p � �

0

p

h

) + E

p

.

Therefore ~u

x

� u

h;x

= �

0

~p � �

0

p

h

� E

p

, giving j~u

x

� u

h;x

j

0;I

� Ch

4

juj

5;I

, and �nally (45) by

the Poinar�e inequality. �

4 A �rst order box-sheme for the stationary onvetion-di�usion

equation

4.1 Presentation of the sheme

We reall in this setion the extension of Keller's sheme to the standard stationary onvetion-

di�usion equation with soure term f proposed by Courbet in [9℄. Although this sheme is

only �rst order aurate in the �nite di�erene sense, its interest lies in its design, whih an

be extended to more omplex situations. Moreover, we prove that it is equivalent to a non-

standard SUPG sheme justiiable of an error estimate in a suitable energy norm of order h

3=2

,

when " = O(h). Let us onsider the onvetion-di�usion problem

�

u

x

� "u

xx

= f x 2 ℄0; 1[ ;  2 R ; " > 0

u (0) = u (1) = 0

(51)

We rewrite (51) in mixed form as

8

<

:

u

x

+ p

x

= f (I

a

)

p+ "u

x

= 0 (I

b

)

u (0) = u (1) = 0 (I



)

(52)

9



f(u) = u is the onvetive ux and p = �"u

x

the di�usive ux. As in Set.3, the exat solution

(u; p = �"u

x

) veri�es the disrete equations obtained by averaging (52)

a

,(52)

b

onto the boxes

K

j�1=2

8

<

:

 (u(x

j

)� u (x

j�1

)) + p (x

j

)� p (x

j�1

) = h

j�1=2

(�

0

f)

jj�1=2

h

j�1=2

(�

0

p)

jj�1=2

+ " (u (x

j

)� u (x

j�1

)) = 0

u (x

1

) = u (x

N

) = 0

(53)

The box-sheme is now de�ned from (53), by approximating (�

0

p)

jj�1=2

in funtion of p

j

. The

lass of shemes we onsider a priori is given by the upwind approximation of �

0

p in the form

(�

0

p)

j�1=2

=

1

2

[p

j�1

+ p

j

℄�D

p;j�1=2

[p

j

� p

j�1

℄ (54)

D

p;j�1=2

is an upwinding oeÆient in the boxes K

j�1=2

whose meaning will appear later. As

for the standard box-sheme (11), they are in (53) 2N unknowns u

j

; p

j

and 2N equations. The

resulting sheme writes

8

>

<

>

:

[u

j

� u

j�1

℄ + [p

j

� p

j�1

℄ = h

j�1=2

(�

0

f)

j�1=2

1

2

(p

j

+ p

j�1

)�D

p;j�1=2

(p

j

� p

j�1

) +

"

h

j�1=2

(u

j

� u

j�1

) = 0

u

1

= u

N

= 0

(55)

With the notation �u

j�1=2

= (u

j

�u

j�1

)=h

j�1=2

the resolution of (55) with respet to p

j�1

; p

j

yields

�

p

j�1

= �

�

"� 

�

1

2

�D

p;j�1=2

�

h

j�1=2

�

�u

j�1=2

+ [�

1

2

+D

p;j�1=2

℄h

j�1=2

(�

0

f)

j�1=2

p

j

= �

�

"+ 

�

1

2

+D

p;j�1=2

�

h

j�1=2

�

�u

j�1=2

+ [

1

2

+D

p;j�1=2

℄h

j�1=2

(�

0

f)

j�1=2

(56)

Identifying the two values of p

j

given by (56) in K

j�1=2

; K

j+1=2

gives the sheme in (u

j

) only



2h

j

(u

j+1

� u

j�1

)�

1

h

j

h

("+  h

j+1=2

D

p;j+1=2

)�u

j+1=2

� ("+  h

j�1=2

D

p;j�1=2

)�u

j�1=2

i

=

1

h

j

��

1

2

�D

p;j+1=2

�

h

j+1=2

(�

0

f)

j+1=2

+

�

1

2

+D

p;j�1=2

�

h

j�1=2

(�

0

f)

j�1=2

�

The sheme an be rewritten in funtion of �u

j�1=2

; �u

j+1=2

only as

�

n

["+ (D

p;j+1=2

� 1=2)  h

j+1=2

℄�u

j+1=2

� ["+ (D

p;j�1=2

+ 1=2) h

j�1=2

℄�u

j�1=2

o

(57)

=

�

1

2

�D

p;j+1=2

�

h

j+1=2

(�

0

f)

j+1=2

+

�

1

2

+D

p;j�1=2

�

h

j�1=2

(�

0

f)

j�1=2

In addition, multiplying (55)

2

by  and replaing  (u

j

� u

j�1

) by its value dedued from (55)

1

gives the following sheme in (p

j

), onsistent with the equation  p� " p

x

= �" f

1

2

 (p

j

+ p

j�1

)�

�

h

j�1=2

D

p;j�1=2

+ "

�

(p

j

� p

j�1

)

h

j�1=2

= �" (�

0

f)

j�1=2

(58)

The quantity h

j�1=2

D

p;j�1=2

+" appears as the total di�usion of the sheme and h

j�1=2

D

p;j�1=2

as an arti�ial di�usion oeÆient. We suppose from now on that D

p;j�1=2

� 0 and we give a

suÆient ondition on the oeÆients D

p;j�1=2

in order for the box-sheme to verify a maximum

10



priniple for u

j

, p

j

. More preisely, we onsider sheme (55) with f = 0 and boundary onditions

u

1

= u(0) = �, u

N

= u(1) = �. The exat solution u(x), p(x) = u

x

(x) exhibits an exponential

boundary layer given by (2). A traditional requirement for shemes approximating this problem

is to verify the maximum priniple. Here, it onsists simply in the monotoniity of the two

sequenes u

j

, p

j

. Let us de�ne the ell-Pelet number Pe

j�1=2

2 [0;+1[ for  2 R, " > 0 by

Pe

j�1=2

=

jjh

j�1=2

2"

(59)

Proposition 4.1 (i) Suppose u

j

, p

j

are solution of the box-sheme (55) with f = 0 and nonho-

mogeneous Dirihlet boundary onditions u

1

= �, u

N

= �. A neessary and suÆient ondition

for the p

j

to have same sign is that for any j = 2; ::; N

"+ D

p;j�1=2

h

j�1=2

�

jj

2

h

j�1=2

(60)

In that ase, u

j

, p

j

are monotone sequenes. The value of D

p;j�1=2

for whih jD

p;j�1=2

j is

minimum in (60) is

D

p;j�1=2

=

1

2

sgn()max

�

0 ; 1�

1

Pe

j�1=2

�

(61)

where sgn() is the sign funtion.

(ii) If h

j

= h and D

p;j�1=2

= D

p

, the onsisteny error in the �nite di�erene sense of sheme

(57) with respet to the equation u

x

� "u

xx

= f is

E

h

(x) = �h"D

p

u

xxx

+O (h

2

) (62)

(iii) The onsisteny error of sheme (58) with respet to p� " p

x

= �"f , is

�

E

h

(x) = �hD

p

p

x

+O(h

2

) (63)

Proof: (i) Suppose f = 0. Due to (55)

1

, the sequene u

j

is monotone if and only if so is p

j

.

Taking f = 0 in (58), and under the hypothesis D

p;j�1=2

� 0, all the p

j

have same sign if and

only if (60) is true. Equation (57) ensures now that the oeÆients before �u

j+1=2

, �u

j�1=2

have the same sign. Therefore (u

j

) is monotone under ondition (60), and so is (p

j

). The

minimum value of jD

p;j�1=2

j is learly obtained with (61).

(ii) We suppose now h

j�1=2

= h ; D

p;j�1=2

= D

p

; 2 � j � N . This allows to perform a standard

�nite di�erene analysis. Sheme (57) rewrites in the form of a three points ompat sheme for

the onvetion-di�usion equation

�

�1

u

j�1

+ �

0

u

j

+ �

1

u

j+1

= (

1

2

�D

p

)(�

0

f)

j+1=2

+ (

1

2

+D

p

)(�

0

f)

j�1=2

(64)

The oeÆients �

1

; �

0

; �

�1

are

�

1

=

1

h

h



2

�

�

"

h

+ D

p

�i

; �

0

=

2

h

�

"

h

+ D

p

�

; �

�1

=

1

h

h

�



2

�

�

"

h

+ D

p

�i

(65)

The onsisteny error is, [27℄

E

h

u(x

j

) = (L

h

�R

h

Æ L)u(x

j

) (66)

11



where L

h

and R

h

are the �nite di�erene operators de�ned by L

h

u

jj

= �

�1

u

j�1

+�

0

u

j

+�

1

u

j+1

,

R

h

f

jj

= (

1

2

� D

p

)(�

0

f)

j+1=2

+ (

1

2

+ D

p

)(�

0

f)

j�1=2

. If p

h

(�) = �

�1

e

�i�

+ �

0

+ �

1

e

i�

, r

h

(�) =

(

1

2

�D

p

)(e

�i�

� 1)=(i�) + (

1

2

+D

p

)(1� e

�i�

)=(i�) (� = �h) are the symbols of the operators L

h

,

R

h

, and p(�) = i�+ "�

2

is the symbol of the onvetion-di�usion operator Lu(x) = u

x

� "u

xx

,

then we �nd that the symbol of the onsisteny error E

h

(x) is e

h

(�) = p

h

(�)� r

h

(�) p (�), with

e

h

(�) = i " h�

3

D

p

+O (h

2

) (67)

whih is (62).

(iii) We proeed in the same way. The operator L is Lp = p � "p

x

with symbol p(�) =

 � "i�. The symbol of the �nite di�erene operator L

h

p

jj

in the r.h.s. of (58) is (� = �h),

p

h

(�) = (1 + e

�i�

=2)� (D

p

+ "=h)(1� e

�i�

). The symbol of the interpolation operator ating

on F = �"f is r

h

(�) =

1

2

(1�e

�i�

). The symbol of the onsisteny error

�

E

h

(x) = (L

h

�R

h

ÆL)p

j

is therefore

�e

h

(�) = �ih�D

p

+O(h

2

) (68)

whih gives (63). �

Remark: It results from Prop 4.1 that ifD

p

6= 0, the box-sheme is only �rst order aurate in

the �nite-di�erene sense with respet to the two equations u

x

� "u

xx

= f and p� "p

x

= �"f .

If D

p

= 0, it is seond order aurate.

4.2 Comparison with the SUPG method

In this setion, we establish a link between the box-sheme (53) and the standard SUPG method

of T.J.R. Hughes et al.,[3, 18℄, C. Johnson et al. [21, 19, 26, 20℄ for the onvetion-di�usion

equation. In its simpler form, this method reads : �nd u

h

2 P

1

;0

suh that for any v

h

2 P

1

;0

(u

h;x

; v

h

+ Æ  v

h;x

) + " (u

h;x

; v

h;x

) = (f ; v

h

+ Æ v

h;x

) (69)

where Æ = O(h) is an upwind parameter. The standard error estimate is usually derived for the

stationary onvetion-di�usion equation with an absorption term �u, with � > 0, that is

�

�u+ u

x

� "u

xx

= f

u(0) = u(1) = 0

(70)

Reall that the equation without absorption term ~u

x

�"~u

xx

= g is transformed into an equation

with an absorption term �u by the hange of unknown u(x) = e

��x

~u(x) with � > 0 and j�j

suÆiently small. The SUPG method for (70) onsists simply in: �nd u

h

2 P

1

;0

suh that for

any v

h

2 P

1

;0

(�u

h

+ u

h;x

; v

h

+ Æ  v

h;x

) + " (u

h;x

; v

h;x

) = (f ; v

h

+ Æ v

h;x

) (71)

The energy norm assoiated with (71) is

jjjujjj

2

= �juj

2

0;I

+ Æju

x

j

2

0;I

+ "ju

x

j

2

0;I

(72)

Note that jjjujjj ontrols the L

2

norm juj

0;I

uniformly when " ! 0, only when � > 0. The main

interest of the SUPG method is that one get, by hoosing Æ = O(h), an error estimate in the

12



energy norm in the form jjju�u

h

jjj � Ch

3=2

uniformly with respet to " = O(h). This represents

a gain of h

1=2

in omparison with the standard Galerkin method. In two dimensions, one an

replae the di�usion " by "

m

= max("; Ch

3=2

), in order to keep an O(h

3=2

) error estimate, still

uniformly when "! 0 even in the rosswind diretion, [20, 32℄.

Here, we are going to prove that the box-sheme (55) is nothing but a variant of the SUPG

method for the unknown u, oupled with a reonstrution formula of the ux p. Note that this

last property is unusual in the lassial SUPG �nite element method. We de�ne the upwinding

funtion d

p

(x)

2

, whih is onstant in eah box K

j�1=2

, by

d

p

(x) =

N

X

j=2

D

p;j�1=2

h

j�1=2

11

K j�1=2

(x) (73)

We obtain the following SUPG form of the box-sheme (55):

Proposition 4.2 The box-sheme sheme (55) is equivalent to

(i) the modi�ed SUPG method for u

h

: �nd u

h

2 P

1

;0

suh that for v

h

2 P

1

;0

.

(u

h;x

; v

h

+ d

p

v

h;x

) + " (u

h;x

; v

h;x

) = (�

0

f ; v

h

+ d

p

v

h;x

) (74)

(ii) the loal reonstrution formula in p

h

p

hjK

j�1=2

= (�

0

p

h

)

jK

j�1=2

+ p

h;xjK

j�1=2

(x� x

j�1=2

) (75)

with

(�

0

p

h

)

jK

j�1=2

= �("+ d

p;j�1=2

)u

h;xjK

j�1=2

+ d

p;j�1=2

(�

0

f)

j�1=2

(76)

p

h;xjK

j�1=2

= (�

0

f)

j�1=2

� u

h;xjK

j�1=2

(77)

Proof: The box-sheme (55) an be rewritten as the mixed Petrov-Galerkin method in

(u

h

; p

h

) 2 P

1

;0

� P

1



�

(u

h;x

; ~v

h

) + (p

h;x

; ~v

h

) = (f ; ~v

h

) 8 ~v

h

2 P

0

(�

0

p

h

� d

p

p

h;x

; ~q

h

) + " (u

h;x

; ~q

h

) = 0 8 ~q

h

2 P

0

(78)

Taking v

h

2 P

1

;0

, we dedue from (78

2

) with ~q

h

= v

h;x

0 = (�

0

p

h

� d

p

p

h;x

; v

h;x

) + " (u

h;x

; v

h;x

)

= �(p

h;x

; �

0

v

h

)� (d

p

p

h;x

; v

h;x

) + " (u

h;x

; v

h;x

)

= (u

h;x

; �

0

v

h

)� (f ; �

0

v

h

)� (d

p

p

h;x

; v

h;x

) + " (u

h;x

; v

h;x

)

= (u

h;x

; v

h

)� (�

0

f ; v

h

)� (d

p

p

h;x

; v

h;x

) + " (u

h;x

; v

h;x

) (79)

Taking now ~v

h

= d

p

v

h;x

2 P

0

as test funtion in (78

1

), we get (d

p

p

h;x

; v

h;x

) = (�

0

f ; d

p

v

h;x

)�

(u

h;x

; d

p

v

h;x

). Replaing this value in (79) yields

(u

h;x

; v

h

+ d

p

v

h;x

) + " (u

h;x

; v

h;x

) = (�

0

f ; v

h

+ d

p

v

h;x

) (80)

2

d

p

(x) should be denoted d

p;h

(x), in order to indiate the mesh dependeny.

13



This is the standard P

1

streamline-upwind Petrov-Galerkin method with soure term �

0

f and

upwinding funtion d

p

(x). The ux p

h

is now given by the loal aÆne formula in eah ell

p

hjj�1=2

= (�

0

p

h

)

j�1=2

+ p

h;xjj�1=2

(x � x

j�1=2

). Formulas (76, 77) result immediately from

(78). �

Taking advantage of this form, we an follow the same sketh of proof as for the one of (71),

to prove an error estimate for the box-sheme (78) for the onvetion-di�usion equation with

an absorption term �u. More preisely, we restrit ourselves for simpliity to the adimensional

form of the model problem (70) when  > 0, [21, 32℄

�

u+ u

x

� "u

xx

= f x 2 ℄0; 1[ ; " > 0

u (0) = u (1) = 0

(81)

The box-sheme is a disretization of the mixed form

8

<

:

u+ u

x

+ p

x

= f

p+ "u

x

= 0

u (0) = u (1) = 0

(82)

It reads

8

>

>

<

>

>

:

h

j�1=2

u

j

+ u

j�1

2

+ [u

j

� u

j�1

℄ + [p

j

� p

j�1

℄ = h

j�1=2

(�

0

f)

j�1=2

1

2

(p

j

+ p

j�1

)�D

p;j�1=2

(p

j

� p

j�1

) = �

"

h

j�1=2

(u

j

� u

j�1

)

u

1

= u

N

= 0

(83)

The ell-Pelet number is Pe

j�1=2

= h

j�1=2

=2" � C

m

h=2". The upwinding funtion is given by

d

p

(x) =

N

X

j=2

D

p;j�1=2

h

j�1=2

11

K j�1=2

(x); D

p;j�1=2

=

1

2

max(0; 1 �

1

Pe

j�1=2

) (84)

As in Prop. 4.2, (83) is equivalent to:

(i) the SUPG sheme for u

h

2 P

1

;0

(�

0

u

h

+ u

h;x

; v

h

+ d

p

v

h;x

) + " (u

h;x

; v

h;x

) = (�

0

f ; v

h

+ d

p

v

h;x

) 8v

h

2 P

1

;0

(85)

(ii) the loal reonstrution formula for p

h

2 P

1



in funtion of u

h

p

hjj�1=2

= (�

0

p

h

)

jj�1=2

+ p

h;xjj�1=2

(x� x

j�1=2

) (86)

with

(�

0

p

h

)

jj�1=2

= �("+ d

p;j�1=2

)u

h;xjj�1=2

+ d

p;j�1=2

�

0

(f � u

h

)

jj�1=2

(87)

and

p

h;xjj�1=2

= �

0

(f � u

h

)

jj�1=2

� u

h;xjj�1=2

(88)

The numerial analysis follows now the lines of lassial works on SUPG methods, [3, 18, 19, 20,

21, 26℄. De�ning for (u; v) 2 (H

1

0

)

2

the mesh-dependent bilinear form B

h

and linear from L

h

by

B

h

(u; v) = (�

0

u+ u

x

; v + d

p

v

x

) + " (u

x

; v

x

) ; L

h

(v) = (�

0

f ; v + d

p

v

x

) (89)
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the sheme rewrites

(i) �nd u

h

2 P

1

;0

solution of

B

h

(u

h

; v

h

) = L

h

(v

h

) 8v

h

2 P

1

;0

(90)

(ii) reonstrut p

h

2 P

1



by (86-88).

De�ning the assoiated mesh-dependent norm jjj : jjj

h

by

jjjujjj

2

h

= j�

0

uj

2

0;I

+ (("+ d

p

)u

x

; u

x

)

0;I

(91)

the stability estimate for the form B reads

Lemma 4.1 For u 2 H

1

0

, there exists 0 < C

0

< 1 suh that

B

h

(u; u) � C

0

jjjujjj

2

h

(92)

Proof: For any u 2 H

1

0

, we have

B

h

(u; u) = j�

0

uj

2

0;I

+ ((" + d

p

)u

x

;u

x

) + (�

0

u; d

p

u

x

) (93)

We have

(�

0

u; d

p

u

x

)

0;I

=

N

X

j=2

(�

0

u; d

p

u

x

)

0;K

j�1=2

(94)

�

N

X

j=2

h

j�1=2

j�

0

uj

2

0;K

j�1=2

+

1

4h

j�1=2

jd

p

u

x

j

2

0;K

j�1=2

(95)

� hj�

0

uj

2

0;I

+

1

8

(d

p

u

x

;u

x

) (96)

where we have used d

pjK

j�1=2

= h

j�1=2

D

p;j�1=2

�

1

2

h

j�1=2

. Therefore

B(u; u) � (1� h)j�

0

uj

2

0;I

+ (("+

7

8

d

p

)u

x

;u

x

) � C

0

jjjujjj

2

h

(97)

�

The following estimates hold

Proposition 4.3 Suppose that u

xx

2 L

1

(I), where u is the solution of (1), then the solution

(u

h

; p

h

) 2 P

1

;0

�P

1



of the box-sheme (83) veri�es the a priori error estimates, (C is a generi

onstant independent of h),

(i) jjju� u

h

jjj

h

� Chmax("

1=2

;h

1=2

)ju

xx

j

1;I

(98)

(ii) j�

0

(p� p

h

)j

0;I

� Chmax(";h)ju

xx

j

1;I

(99)

(iii) j�

0

(p

x

� p

h;x

)j

0;I

� Ch

1=2

max("

1=2

;h

1=2

)ju

xx

j

1;I

(100)
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Proof: Let us begin by stating the standard interpolate estimate in the jjj : jjj

h

norm. If ~u 2 P

1

;0

is the standard interpolate of u 2 H

1

0

(I), we have the error estimate

jjju� ~ujjj

2

h

= j�

0

(u� ~u)j

2

0;I

+ j("+ d

p

)(u� ~u)

x

; (u� ~u)

x

j

0;I

� ju� ~uj

2

0;I

+ ("+ h=2)ju � ~uj

2

1;I

� Ch

4

ju

xx

j

2

1;I

+ ("+ h=2)h

2

ju

xx

j

2

1;I

� Ch

2

max("; h)ju

xx

j

2

1;I

whih gives,

jjju� ~ujjj

h

� Chmax("

1=2

; h

1=2

)ju

xx

j

0;I

(101)

The error estimate follows now a lassial sketh. We denote by E

p

(x), E

u

(x) the two pieewise

onstant quadrature error funtions de�ned for u, p = �"u

x

by

(�

0

p)

j�1=2

=

1

2

(p(x

j

) + p(x

j�1

)�D

p;j�1=2

(p(x

j

)� p(x

j�1

))�E

p

j�1=2

(102)

(�

0

u)

j�1=2

=

1

2

(u(x

j

) + u(x

j�1

))�E

u

j�1=2

(103)

We hek easily that, if u

xx

2 L

1

(I), the two following estimates hold, where C is a generi

onstant independent of h

jE

p

j

1;I

� Ch"ju

xx

j

1;I

jE

u

j

1;I

� Ch

2

ju

xx

j

1;I

(104)

Moreover, we hek easily that for any v

h

2 P

1

;0

,

B

h

(~u; v

h

) = L

h

(v

h

) +M

h

(v

h

) (105)

where the onsisteny error is

M

h

(v

h

) = (E

u

; �

0

v

h

+ d

p

v

h;x

) + (E

p

; v

h;x

) (106)

Using Lemma (4.1), we have

C

0

jjj~u� u

h

jjj

2

h

� B

h

(~u� u

h

; ~u� u

h

) (107)

Now, denoting ~u� u

h

= v

h

, we have

B

h

(~u� u

h

; ~u� u

h

) = B

h

(~u� u

h

; v

h

) = L

h

(v

h

) +M

h

(v

h

)� L

h

(v

h

) =M

h

(v

h

) (108)

Therefore, we dedue from (106) that

C

0

jjj~u� u

h

jjj

2

h

� j(E

u

; �

0

v

h

+ d

p

v

h;x

)j+ j(E

p

; v

h;x

)j (109)

We observe now that, for any v 2 H

1

0

(I) the two following estimates hold

j�

0

vj � jjjvjjj

h

; jv

x

j

0;I

�

1

max(";

C

m

2

h)

1=2

jjjvjjj

h

(110)
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This allows to estimate jM

h

(v

h

)j by

jM

h

(v

h

)j � jE

u

j

1;I

(j�

0

v

h

j

0;I

+

h

2

jv

h;x

j

0;I

) + jE

p

j

1;I

jv

h;x

j

0;I

� Ch

2

f1 + C

h

max(h

1=2

; "

1=2

)

gju

xx

j

1;I

jjjv

h

jjj

h

+

Ch"

max(h

1=2

; "

1=2

)

ju

xx

j

1;I

jjjv

h

jjj

h

� Chmax(h

1=2

; "

1=2

)ju

xx

j

1;I

jjjv

h

jjj

h

Therefore

jjj~u� u

h

jjj

h

� Chmax(h

1=2

; "

1=2

)ju

xx

j

1;I

(111)

Estimate (98) results now from (101) and (111).

For (ii), we �rst hek that j�

0

p � �

0

p

h

j

0;I

� jp � �

0

p

h

j

0;I

. Then, using formula (86) and

f = u+ u

x

� "u

xx

, we have

p��

0

p

h

= ("+ d

p

)u

h;x

� d

p

�

0

(f � u

h

)� "u

x

= �("+ d

p

)(u

x

� u

h;x

)� d

p

(�

0

u

x

� u

x

)� d

p

�

0

(u� u

h

) + d

p

"�

0

(u

xx

)

Therefore

j�

0

p��

0

p

h

j

0;I

� Chmax("; h)ju

xx

j

1;I

+Ch

2

ju

xx

j

1;I

+Ch

2

max("

1=2

; h

1=2

)ju

xx

j

1;I

+Ch"ju

xx

j

1;I

and �nally (99).

For (iii), we have

�

0

p

x

��

0

p

h;x

= �

0

p

x

� p

h;x

= �

0

p

x

� (�

0

(f � u

h

)� u

h;x

) = ��

0

(u+ u

x

� u

h

� u

h;x

)

Therefore, using (110)

j�

0

p

x

��

0

p

h;x

j

0;I

� j�

0

(u� u

h

)j

0;I

+ ju

x

� u

h;x

j

0;I

� jjju� u

h

jjj

h

+

1

max(";

C

m

2

h)

1=2

jjju� u

h

jjj

h

� C(1 +

1

max(";

C

m

2

h)

1=2

)hmax("

1=2

;h

1=2

)ju

xxj

1;I

whih gives (100). �

5 A fourth order box-sheme for the stationary onvetion-di�usion

equation

5.1 Presentation of the sheme

Still starting from system (53), we use as in Set. 3.2 the Euler-MaLaurin quadrature formula

for approximating (�

0

p)

jj�1=2

on the box K

j�1=2

. Reall that it reads

�

0

p

j�1=2

=

1

2

(p(x

j

) + p(x

j�1

))�

1

12

h

j�1=2

(p

x

(x

j

)� p

x

(x

j�1

))�E

p

j�1=2

(112)
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with the error term, (see (33))

E

p

j�1=2

=

B

4

h

4

j�1=2

4!

p

(4)

(�

j�1=2

); x

j�1

< �

j�1=2

< x

j

(113)

Using the two relations p

x

(x) = f(x)� u

x

(x) and u

x

= �

1

"

p(x), we get
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allows to introdue the box-sheme
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If we de�ne the oeÆient D

p;j�1=2
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with de�nition of Pe

j�1=2

in (59), then the resolution in funtion of (p
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) yields
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Identifying the two values of p

j
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The most interesting feature of sheme (115), whih is experimentally known for �nite di�erene

ompat shemes, [6, 31℄, is that it is non osillating, even when " ! 0

+

. For, onsider the

homogeneous ase f = 0. Condition (60) reads here with (116)

"+
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The minimum of the left-hand side is obtained for " =

jjh
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2

p

3

giving a value of

1

p

3

jjh
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�

jj

2

h

j�1=2

. Therefore (117) is veri�ed and the sheme is non-osillating in the sense of Prop. 4.1

Finally, on an equally spaed mesh, the sheme in u
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Performing an analysis similar to (66), we hek easily that eah of the shemes (118),(119) is

fourth order aurate.

5.2 Comparison with the SUPG method

Similarly to the box-sheme in Set. 4.1, we an reast the box-sheme (115) in the form of a

non-standard SUPG sheme in the unknown u

h

2 P

1

;0

, oupled to a loal reonstrution formula

for the ux p

h

2 P

1



. In addition, we obtain superonvergene results of order 4, between the

standard interpolates (~u; ~p) 2 P

1

;0

� P

1



of the solution, and the approximation (u

h

; p

h

). Let us

de�ne the pieewise onstant funtion
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(x) =

N

X

j=2

h

2

j�1=2

11

K

j�1=2

(120)

The following result holds

Proposition 5.1 The box-sheme (115) is equivalent to:
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(ii) the loal reonstrution formula in p

h
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1
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Proof: Follows the same lines as Prop. 4.2. �

We onlude by some error estimates for the onvetion-di�usion problem (81), whose mixed

form is
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+ p
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= 0

u (0) = u (1) = 0

(125)

The Euler-MaLaurin formula (31) yields for the two averages (�
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(126)

where the error terms are
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Averaging (125)

1

, (125)
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replaing (�

0
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j�1=2

, (�

0

p)

j�1=2

by the fourth order approximation dedued from (126) gives

the box-sheme
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Still denoting u

h
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de�ned by (19), and �
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(x), (129)

is proved to be equivalent to:
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by the loal formula
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where p
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Now, the box-sheme (129) an be rewritten

B

h

(u

h

; v

h

) = L

h

(v

h
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where the bilinear form B
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) and the linear form L
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) are respetiveley given by the left

hand side and right hand side in (130). The energy norm is de�ned, for u 2 H
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For any u 2 P

1

;0

, we an hek that B

h

(u; u) = jjjujjj

2

h

. We state �nally the two following a priori

error estimates between u

h

, p

h

and the interpolants ~u, ~p of u, p, whose proof follows the lines of

Prop.4.3

Proposition 5.2 If the solution u of (1) is suÆiently regular, then there exists C > 0, inde-

pendent of h suh that

(i) jjj~u� u

h

jjj
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6 Conlusion

In this paper, we derive two box-shemes for the stationary onvetion-di�usion equation fol-

lowing priniples introdued in [22, 9, 10, 11, 12, 13℄. The design introdued is basially of

�nite volume type, but results �nally in a mixed Petrov-Galerkin sheme with an aess by a

loal formula to the di�usive ux. The main intention of this paper is to �ll a gap, at least

for monodimensional problems, between the standard SUPG method, the mixed �nite element

method and the high order ompat �nite di�erene shemes. The extension to multidimensions

is in progress.
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