RECENT DEVELOPMENTS IN THE PURE STREAMFUNCTION FORMULATION OF
THE NAVIER-STOKES SYSTEM
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Abstract. In this paper we review fourth-order approximations of the biharmonic operator in one, two and three
dimensions. In addition, we describe recent developments on second and fourth order finite difference approxima-
tions of the two dimensional Navier-Stokes equations. The schemes are compact both for the biharmonic and the
Laplacian operators. For the convective term the fourth order scheme invokes also a sixth order Pade approxi-
mation for the first order derivatives, using an approximation suggested by Carpenter-Gottlieb-Abarbanel in [7].
We also introduce the derivation of a pure streamfunction formulation for the Navier-Stokes equations in three
dimensions.
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1. THE ONE-DIMENSIONAL THREE-POINT BIHARMONIC OPERATOR

1.1. Design of the discrete biharmonic operator. We consider here the one-dimensional biharmonic equation
on the interval [0,1]. For the simplicity of the presentation, we choose homogeneous boundary conditions. The
one-dimensional biharmonic equation is

(1) { YW (z) = f(z), 0<z <1
¥(0) =0, ¥(1) =0, ¥'(0) =0, ¢'(1) = 0.
We look for a high-order compact approximation for (1). We lay out a uniform grid 0 = 2o < 21 < ... < xy_1 <
xry = 1. Here, z; = ih for 0 <i < N.
Assume that we are given data on the values of ¢ and its derivative at x;_1,z;,z;41. In particular, we are
given 1;_1, v, %41, which approximate

(2) ¢($j71)a¢(xj)ﬂ/)(l‘j+1)
and Yz j_1, %z j, Ve j+1, which approximate
(3) V' (@j-1), ¥ (x5), ¥ (@)41)-

We consider a fourth order polynomial Q(x),
(4) Qx) = ag + a1z — x;) + as(w — x;)% + ag(x — 2;)° + as(x — 2;)*.
For Q(z) we require the five interpolation conditions

(5) { Q(zj—1)=vj—1 5 Qz;)=7v; ; Qxj41) =vjn1
Q' (xj—1) = Va1 5 Q(Tj+1) = Vrjs1-

As usual, we define the difference operators d,, 2 by

(6) 5oty = %%h%—l

@ Sy, = D=2
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Problem (5) has a unique solution, which is given by

a)  ap= gbj, .
b) a; = §5m1/1] — Z(¢m,j+l + ,IZJZE,j—l)?
1
) az = 6325¢J - 5(511#1)]’

1
d) asz = ﬁ(émwj - qu,j)
1
= 573 ((Gata); — 8315
Therefore, it is natural to approximate (%) (x;) by the fourth order derivative of Q(z) at point x;. Thus,

12
(9) W (25) ~ 24a4 = 72 ((02ta)j — 62005) -
Actually, the finite difference operator in (9) depends on the two grid functions ¢ and ,. If we are interested in
an approximation depending only on the data v, then we need to construct 1, as a function of ¢). A natural way
to derive such an approximation is to require in Equation (8)(b) that 1, ; satisfy 1, ; = a1 identically. This is
equivalent to the following identity.

e) ay

(10) Vaj = 351%‘ - i (Yo jr1 + Y1), 1<j<N-1
or equivalently

1 2 1 _
(11) gYei-1+ 5V + g¥ogn =0ty 1<j<N-1
If we introduce the three-point operator o, on grid functions by
(12) Oz = é(ﬁiq + %@ + é¢i+17 1<i<N-1,
we can rewrite (11) as
(13) 0e(Yu)i = 0uthi, 1<i<N -1,
Recall that
(14) Vo = Vo,  Yu,N =V

need to be known in order to solve (13). Observe that we have the following operator equality (in the space of grid
functions),

h2
(15) o :I+Eéﬁ.

We refer to o, as the Simpson operator. Equation (11) form an implicit system of equations for {1 ; ;V: _11. This

method for the approximation of the exact derivatives {1} }j\f:_ll is called the Hermitian discrete gradient. It relates

the vector ¥, which contains the approximate derivatives of ¢, to the vector ¥, which contains the values of ¥ at
the grid points.
The approximation (9) suggests now an approximation 31, to 1/1(4)(xj).

12 .
(16) 63¢j = ﬁ((swww - 59251/))7 1<j<N-L
We refer to (16) as the Three-Point Discrete Biharmonic for ¢4,
Using (16 ) and (11), the solution of (1) may be approximated by the scheme
(@) dpthy=flzy) 1<j<N-1,
1 2 1 .
(17) (b) 6%,3'71 + gww‘ + 6¢x,j+1 =095, 1<j<N-—1,
(C) 1/}0 =0, wN = 07 wx,O =0, wx,N =0.
We define the discrete space

(18) Bo={ti,1<i<N—-1, =1y =0}
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normed by [4], = (h N 42)1/2,

The scheme in (17) is the one-dimensional restriction of the scheme proposed by Stephenson in [13]. In the
sequel, this approximation is referred to as the one-dimensional Stephenson Scheme to the biharmonic equation.
The consistency of the scheme is given in the following proposition.

Proposition 1.1. Suppose that ¢(x) is a smooth function on [0,1]. Assume, in addition, that ¥(0) = (1) = 0,
Y'(0) = ¢'(1) = 0. Let F = (x;), (W) (2;) = v (x;) be the grid functions corresponding, respectively, to
¥, 0@ . Then the three-point biharmonic operator 5% satisfies the following accuracy properties:

[}

(19) 008305 — o (W) (@)] < ChY[9®|[pee, 2< i< N 2.
o At the near boundary point i = 1, the fourth order accuracy of (19) drops to first order,
(20) 028301 = 0x () (21)] < Chl[YD | L,

with a similar estimate for i = N — 1.
e The error in the energy norm is given by

(21) 1530 — (@) [0 < CRP2 ([ | oo + ([ o).
In the above estimates C' is a generic constant, that does not depend on 1.

1.2. Matrix representation of one-dimensional finite difference operators. In this section we briefly review
matrix representations of several finite difference operators, including the Three-Point Discrete Biharmonic.

1.2.1. Centered gradient. In the case of Dirichlet boundary conditions, the matrix representation of the operator

UV* = 60 is

1
22 — KU
(22 K,

where ¥ = [¢)1,...¢)n—1]T. The antisymmetric matrix K = (K m)1<im<n—1 i8

0 1 0 0

-1 0 1 0
(23) K = z

0 -1 0 1

0 0o -1 0

1.2.2. Hermitian gradient. The Hermitian gradient, defined in (17)(b), is the finite difference compact operator
(24) Ui U,

The vector Uy = [Yg.1,%z2, Ve, N—2,%z N—1] is the solution of the linear system (11), (14). In matrix form,
this system can be written as

(25) U, = %P*K\If,
where P is the tridiagonal matrix
4 1 0 ... 0
4, m=i 1 4 1 ... 0
0, fm—il>2 0 ... 1 4 1
0 1 4



1.2.3. Matriz representation of the operator §2. The matrix representation of §2¥ is f%T\II, where T is the
(N —1) x (N — 1) symmetric matrix

2 -1 0 0
-1 2 -1 0
0 -1 2 -1
0 0o -1 2
The eigenvalues of T" are
(28) )\j:4sin2(%), j=1,,N—1
and the corresponding normalized eigenvectors are Z% = (Zyy,--- , Z N—l,k)T (with respect to the Euclidean norm
in RV=1 ), where
1/2 .
2 . kjm .
(29) Zj = <N> Sln% , 1<k j<N-1

We denote the column vectors as Z% € RN~1 and the row vectors as Z; € RV~
The matrix Z = (Zjr)1<jk<n-1 € My_1(R) is an orthogonal positive-definite matrix. Thus,

(30) Z2:ZZT:IN,1.
It follows that the matrix T satisfies
(31) T =ZAZ",
where A = diag(\1, -+ ,An—1). The normalized vectors (with respect to (| - |, ), which diagonalize the operator
—62, are the grid functions z*, which are defined by
(32) Zijk = ij/hl/g.
Equivalently, they may be written as (noting that Nh = 1)
i

(33) zjk:\@sm% . 1<kj<N-1.
We have

zj =V2sin(j5%), j=1,--- ,N-1, k=1,.,N—1
(34) 20k = 07 ~ZNk :~07

=628 = N2k, N = Bsin®(8E), k=1, N-1

1.2.4. Three-Point Discrete Biharmonic operator. The matrix form of the one-dimensional Stephenson biharmonic
scheme

12
is obtained from the matrix form of operators 1* +— %, ¥* + 61 and ¥* +— 6210*. We obtain that the matrix
representation of ¢* — §i* is
121 3 1 6
U= __|5KP! —T|v=— -1 0.
(36) S = 2h2KP K+h2T] W {3KP K+2T}
The fact that we deal with a boundary value problem, rather than a periodic one, means that PK — K P # 0.

However, the commutator is non-zero only at near-boundary points. Using the precise form of this commutator,
we get the following proposition. The proof can be found in [4].

Proposition 1.2. (i) The operator 0,02 has the matriz form

6 6 _ _
(37) PS = HTQ""ﬁ[el(el"‘KP 161)T-‘1—€N71(€N71 - KP 16N,1)T],
where
(38) e1 =(1,0,---,007, exy_1=1(0,---,0,1)T.



ii) The symmetric positive definite operator 6* (see (36)) has the matriz form
(ii) Y p P k

6 36
(39) S=3P T+ o (V" + vy,

where the vectors Vi, Vo are

3,

Vi=(a—pB)/2p1 o5 61T 5N
(40)
Vo = (a+ B)/2P7t ?61 + geNq

The constants a, 3 are
_ _ Tp-1
(41) { a=2(2—e P le)

8= 26]7:,71P_1€1.
1.3. Error estimate for the one-dimensional Stephenson scheme. In [3] an error analysis based on a finite

element analogy was derived. The main ingredient consists of the following observation. The bilinear pairing
<1, >= (629, p); defines a scalar product on the discrete space l}%,o and

= ¢x.i+1 - 1/137 i Pr,i+l — Py
(42) <yp> = Zﬂh L= Pas Poirl ~ P
12, (i~ 1 wit1—pi 1
+ ﬁ ?:0: h ( h - 5(1/}11 + wx,iﬂ)) (h - 5(909“ + @z,iﬂ)) .

This proves the symmetry and coercivity of the bilinear form < v, >. A corollary of (42) is the following
suboptimal error estimate in the energy norm <> between the numerical solution ¢ and the collocated exact
solution ¥* of (1). Denoting by e = ¥ — ¢*, we have

1/2
(43) <e,e > < CRY2|f" | o 01)-

In order to improve (43), we use the matrix structure of §2 given in (39).
Consider again the biharmonic equation (1) and its approximation by the Stephenson scheme (17). Let ¢¥* be
the grid function corresponding to 1. It satisfies

(44) Ot = ff(x) 4, 1<i<N-—1,

where t is by definition the truncation error. We later refer to Proposition 1.1 for estimates on t.

Denote by ¢ the error e = ¢p — ¢*. It satisfies
Ste; = —1, 1<i<N-—-1,

(45) €0 — 0, eEN — 07 em,O = 07 Qm)N = 0

We prove the following error estimate.
Theorem 1.1. The error e = 1/; —* satisfies
(46) le|r, < Ch3|log hl,
where C' depends only on f.

Proof. Let U, ¢ RN-1 be the vectors corresponding to 7]}, ¥*, respectively, and let F' be the vector corresponding
to f*. We denote by £ = ¥ — U* and R the vectors corresponding to ¢ = ¢ — ¥* and t, respectively.
Using the matrix representation (39), we can write Equations (1) and (44) in the form

(47) SU = F,
and
(48) SU*=F +R.

We therefore have
(49) SE = —R.



Defining G as the matrix

(50) G=I+6T'P2(V VT + Vvl
we have, in view of (39),

6 _
(51) S=3P 120 g Tp=1/2,

As a first step we show that the matrix G is invertible and the spectral radius of its inverse is bounded by one. In
fact, we have

(52) G=I+WWL+Ww,w{,

where Wy = 6T PY/2Vy, Wy = V6T 'PY2V;,. Since WiW{ + WoW4 > 0 (in the sense of comparison of
symmetric matrices), all eigenvalues of G are greater than or equal to one. It follows that the eigenvalues of its
inverse, G~1, are contained in (0, 1] and the matrix norm of G~! satisfies

(53) Gl =p(G) < 1.
It follows from (51) and the positivity of T, P that S is invertible and that
5 B'® s g ® _wpiapoigoi i poipoi2pR
= -WG~'HPR,
where
(55) W= h—QPl/QT‘l H= h—QT—lp—l/?
V6 ’ V6

We estimate E by the following inequality.
(56) |B| =|ST'R| < |W| - |HPR|.
e Estimate of |IW|. Recall that P = 61 — T (see (26), (27)), and that the eigenvalues A; of T' are given by
(28). Therefore, the eigenvalues x;, 1 < j < N —1 of P are given by
(57) Kj=6-\ =6—4sin?(1-), 1<j<N-1.
2N
By the symmetry of W, we have that |W| = p(W) (the spectral radius of W). Using the formulas above

for \; and k;, we conclude that the eigenvalues of W are (in view of Equation (55))

2 .
" gin=2(27y 6 — asin?(2T

— 1<j<N-1.
46 2N o) 1SIs
Noting that
. 2 gm ,
- 2Ly < ITy s 2 <j<N-—
6—4sin®(35) < V6, sin(3) > ~(55), 1<j<N-1,
we conclude that
(58) wi<c,

where C' is independent of N.
2
e Estimate of the elements of HPR. As in (31), we can diagonalize H = %Tﬁlel/2 by

H=2ZNZ7Z",
where the j-th column of the matrix Z is Z7, as defined in (29). The diagonal matrix A’ contains the
eigenvalues of H, which can be written as
h? h? 1

_1,-1/2
%= N S =

sin® (4% )41/6 — 4 sin”(J%)
6

, j=1,---,N—1



The element H; j, of the matrix H is

N-1
Hip= Y ZijbiZjx,
j=1
for which we have an explicit expression
N-1 .. . ik
h? 2 sin(43Z
(59) Hi,k = Z 7N Sin(%) - ( N ) - .
= ave sin?(42), /6 — 4sin?(4%)

We can now estimate the order of the elements of H. In particular, we are interested in the elements of
the first and the last columns of H, since they multiply extreme elements of PR, which are of order O(h)
(see Proposition 1.1). Columns k =2,..., N — 2 of H multiply elements k = 2,..., N — 2 of the PR, where
the latter are O(h*). We consider now elements (i, k) of H for k = 1, N —1. It is enough to consider k = 1.

We use the following inequalities

2
(61) sinx > —ux, 0<z<
T

(62) [sine] <[al, /6 - 4sin(31) > V2.

Noting that h = 1/N and using the estimate |bln(%)\ < 1, we obtain

N—-1
(63) |Hia| <C Y h——(jh) < Ch?|log hl.
= Uh
For £k =2,...,N — 2 we have
N—-1 1
64 Hi | <CS h*—= <Ch.
( ) | 7k| ]; (]h)2
Therefore,
(HPR)i| < 3 [ Higl - |(PR)|
(65) = |Hia| - (PR + 0y [Hig| - (PR)&| + [ Hin—1] - |(PR) n—1]
< C1h3|log h| + Co(N — 3)h5 < Ch3|log hl.
Therefore,
(66) |(HPR);| < Ch®llog h|, 1<i<N-—1.

Conclusion of the proof of Theorem 1.1. Using (56), (58) and (66) we obtain that the vector £ = ¥ — ¥*
satisfies

) Bl = 18RS Wi HPR L 05 (hllog 2
Ch='2h3|log h|.
Thus,
(68) le|r, < Ch3|log hl.
This proves the almost third order error estimate result. |



2. APPROXIMATIONS OF THE STREAMFUNCTION FORMULATION OF THE NAVIER-STOKES EQUATION IN 2D
2.1. Discrete Biharmonic operator in two dimensions. The biharmonic operator A% (x,y) is
(69) APp(x,y) = Opp(a,y) + Oy(x, ) + 207,(x, y).
In two dimensions, the discrete Stephenson biharmonic operator is defined by
(70) Ajpij = 0atij + 5;1/1i,j + 25325533wi,j~
Define the discrete gradient (1., 1) € (I 5)* of any ¥ € I3 , by
(71) Ou¥uig = 0aij  OyPyij =0y¥ij; , 1<4,7<N-—-1,
where o,, 0, are the Simpson operators (see (13), (15)),
(72) O :I+éh25§, oy =1+ éh%j

The one-dimensional operators §21; ;, 6;11#1'7.7- are given as functions of ¥, ¥y, 1, by (see (16))

12 12
(73) Satbi = 72 ((62%2)ij — (620)i ;) 53?/%,3‘ =52 ((6yey)ig — (551/))1‘4) .

The consistency error in the Stephenson operator is given by
1
(74) A = A% + 6h2(8§8§w + 3;105 )+ O(h%).
Therefore, A? is a second order approximation to the biharmonic operator A%, We refer to [13],[3] for a detailed
derivation of the operator AZ.

2.2. Second order scheme for the Navier-Stokes equations. The streamfunction formulation for the two-
dimensional Navier-Stokes equations is the following evolution equation for the streamfunction ¢ (see [10]).

(a‘) at(Aw) + (va) : V(Aw) - VA2¢ = f('rayvt) ’ (l‘,y) € ) t>0
(75) (b) 1/):2%:07 ($,y)€89,t>0

() (x,y,0) =o(z,y), (z,y) €.
Here u = VY = (=9,¢,0,%) and v is the kinematic viscosity. The convective term in (75)(a) is C(¢)) =
V4t - V(Av), or explicitly,

(76) C) = —(0y¥)(A021)) + (9ut)) (A0 ¥).
Then, (75) may be written in the following form
(77) DY + C(¢) — vA*Y = f(z,y,1).

The spatial discretization is obtained by invoking the following second order approximations.
e The five point discrete Laplacian

(78) Apti g = 621bij + 00ibi ;.
e The Stephenson second-order biharmonic operator (70), which includes the Hermitian gradient (71)
e The convective term C(v¢) is approximated by

(79) Cr(¥)ij = —Vyii (Anta)ig + Yuij (Antby)i -
The expansion of Cj(v) in Taylor series gives
(80) Cn(®) — C(4) = 15 (—0,00, (040 + ) + 0,00, (04 + D)) + O(h).

Therefore, Cp,(¢)) is second order accurate with respect to C(¢). Finally, the semi-discrete form corresponding to
(75) is ( see [3])

d
(81) %Ahd}i,j(t) + CL(W(®t))ij — vAR; () = fziy),t), 1<i,j<N-1.

We stress several important properties of (81) compared to other finite-difference schemes. First, (81) is a fully

centered scheme. There is no upwinding for the convective term. In addition, the scheme is compact and relies

on a nine-point stencil. The important advantage here is that there is no need to enforce any local boundary
8



condition on the vorticity. The two boundary conditions (75)(b) are imposed on the values of ¢ and its first-order
derivatives, following precisely the continuous formulation.

The semi-discrete form (81) is now time-discretized by an implicit-explicit algorithm as follows. An explicit
modified Euler for the convective term and an implicit Crank-Nicholson scheme for the diffusive term:

{ (An — vAEA2) O = Ayl — ALCH(W7,) + v BEAZYE, + fr

82
( ) (Ahil/AtA2)¢n+1 A 1/) Ato (wn+1/2)Jr AtA2 n +fn+1/2'

Thus, at each time step we solve two systems of linear equations. We refer to [4 } for a FFT solver of each of the
linear sets of equations above. This solver uses O(NlogN) operations per time-step, where N is the number of
points in each of the spatial directions (x or y).

Finally, we state the following convergence result for the full Navier-Stokes equation, which was proved in [3].

Theorem 2.1. LetT > 0. Then, there exist constants C, hg > 0, depending possibly on T,v and the exact solution
¥, such that, for all0 <t <T,

(83) (165 el2 + (o5 el2) > < Cr®2 | 0<h<h

Observe that in practice, the numerical results give usually at least second order accuracy (see [6]). Note that,
as was shown in [3], the truncation error for the second-order scheme is O(h?) at interior points and O(h) at near
boundary points. Thus, the truncation error in l5 is O(h3/ 2) in the non-periodic case. However, in the periodic case
the truncation error is O(h?). Thus, the overall accuracy is O(h?). For a fourth-order scheme, the truncation error
for a periodic problem is O(h%), therefore fourth-order accuracy is recovered. We remark that in the paper by E
and Liu [8] fourth-order accuracy is obtained using fourth-order approximations of vorticity boundary conditions.
In the streamfunction formulation we avoid the use of vorticity boundary conditions. In particular, this allows us
to extend the method to irregular domains [2].

2.3. Fourth order scheme for the Navier-Stokes equations. We outline the fourth order pure streamfunction
scheme, presented in [5] for the equation (75).

The fourth order discrete Laplacian Ahw and biharmonic A2 21 operators introduced in [5] are perturbations of
the second order operators Ayt and A?¢p. They are designed as follows. The fourth order Laplacian is

(84) Aptp = 2841 — (8uz + 0y1hy).

Here, 15,1, are the fourth-order Hermitian approximations to 0,0, as in (71).
We note that the precise fourth-order truncation error is

1
(85) Aptp = A = 2o (030 + Op) + O(h°).
The fourth-order approximation to the biharmonic operator A24 is
h2
(86) ARt = 03p + S50 + 202620 — (5;*521/) +6,020) = A% + O(h?),

where & and &, are given in (73).
The associated truncation error in (86) is

(87) AZip — A%p = —p* (72 5 (O3 + O5) + 30§03¢ — m((‘?aﬁw + aga;w) + O(R®).
Recall the definition of the convective term (see (76))

(88) C(¥) = =0y A(021) + 0up A(Iy ).

Consider the term

(89) A(0y1)) = 934 + 0,051

The mixed derivative amagzp may be approximated to fourth-order accuracy by 1/~)yyx, where

9



The pure third order derivative 921 is approximated to fourth-order accuracy by 1/~JTTT, where

~ 3
(91) (Yowa)ij = o2 (1002%i,5 — [(0t)iv1,5 + 8(0xt)ij + (Out)i-1,5])
= 222 (108, — h?620,1) — 108:,310)

If 0,9 and 0, are replaced with sixth-order accurate approximations, then (91) is a fourth-order approximation
for 921 .
Thus, a fourth-order approximation for the convective term is (see [5])

Onw) = vy (Andeth + (6252 — 520,0) + 6,52 — 6.0,0,0)
(92) e (An0yw + 36252 — 520,0) + 6,620 — 6,6,0,0)
= C(¢) + O(hY).
In order to retain fourth order accuracy in (92), when replacing (95, 9,) by approximate derivatives, we have to

provide a sixth order approximation for such derivatives. We denote the approximate derivatives by 1/~)x and ij
Here we use a Pade relation as given in [7]. It has the following form.

L D Lo Mg Yoy 1o —Yicay
(93) B(wx)z—o—l,] + (wx)l,] + 3(1%)1—1,; - 9 2 + 9 4h .

At near-boundary points we apply a one-sided approximation for 9, (see [7]). For i =1 (a point next to the left
boundary) we have

1, - —10%g,; — 91 ; + 18 j + U3

6 - 3 -
4 il L L -
(9 ) 10 (wa?)oﬂ + 10(¢1)17] + 10 (’(/)‘T)Z 1,5 30h
For i = N — 1 we have
6 3 - 10 C+9YN_1. — 18YN_9; — 3.
(95) (%) (%)N . +E(¢“’)N*2’j _ 10¢N,; +9YN-1, " YN—2; — YN B

In a similar manner we approxmlate Oyt).
To summarize, a fourth order approximation of the convective term is

(96) Cnw) =~y (s + (620

6 yd}hg 1/}3;

— 024) + 0,020 — 6,0,y

+

l[}x (Alﬂ]}y + 5( - 657;1/) + 5y5§w - 5y5321r/~)x)
C(y) +O(h"),

where 9, ¢, are the Hermitian derivatives defined in (71) and 7]1,%, ij are the approximate derivatives defined by
the Pade relation for 2<i < N —-2,1<j< N —1, by

L= 7 L - 1491 — i, 1 iqo, wi
§(¢r)i+1,j + (Vr)iy + g(%)iq,j = 3 +1J 57 Ll 9 +2 ]
- 6 -~ 3 - -10 9 +18 +
(97) To(wm)OJ + To(wfc)l,j + To(qpm)lj = Yo — wlgj Oh Vo wgﬁ
i(i/; ) +£(1; ) . i(z/? ) o 10YN,; +9YN_1,; — 18YN_2; —UN_3
10 x)N,j 10 r)N—1,j 10 z)N—2,j 30h .

Analogous expressions apply to @y
Combining all fourth-order spatial discretizations with the implicit-explicit time-stepping scheme in (82) yields
the following scheme.

A . oynt1l/2_ (A A n n
(98) Euug) o Bnbiaalh = Gy 4 S[AZ T2 4 Adyp ] + £
R b VL (A ahs )™ ~ n
(99) Bnbig)77 ZBnis)” — _ Cuap(rt1/D) 4 LIAZYPH 4+ Ayr ] + fiF2,

For the application of the pure streamfunction formulation on an irregular domain see [2].
10
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FIGURE 1. Velocity components for the driven cavity problem. Left: Re = 400, fourth-order
scheme with N = 33 (solid line), [9] with N = 129 (circles). Right: Re = 1000 fourth-order
scheme with N = 65 (solid Line), [9] with N = 129 (circles).

RE=3200,4th order scheme, N=65 points

RE=5000,4th order scheme, N=65 points

0.5 -

_0.5 | 4

FIGURE 2. Velocity components for the driven cavity problem. Left: Re = 3200, fourth-order
scheme with N = 65 (solid line), [9] with N = 129 (circles). Right: Re = 5000 fourth-order
scheme with N = 65 (solid Line), [9] with N = 257 (circles).

2.4. Numerical results for the two-dimensional Navier-Stokes equations. We display here results for the
classical driven cavity problem for Reynolds numbers 400, 1000, 3200 and 5000, using the fourth-order scheme.
This problem describes a flow in a square [0,1] x [0, 1], where on the top boundary y = 1 the flow is driven to
the right with constant velocity (u,v) = (1,0). On all other three sides of the square - the two components of the
velocity vanish. We display the results of u(1/2,y) and v(z, 1/2) as functions of y and z, respectively. In Fig. 1 we
display the results for Re = 400, 1000, with N = 33, 65, respectively, compared with the values obtained by Ghia,

Ghia and Shin [9] with N = 129.

In Figure 2 we display similar results for Re = 3200,5000 with N = 65, compared to the results in [9] with

N =129, N = 257, respectively.
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3. THE PURE STREAMFUNCTION FORMULATION IN THREE DIMENSIONS

Let Q be a bounded domain in R3. The three-dimensional Navier-Stokes equations in vorticity-velocity formu-
lation is
wi+ VX (wxu)—vAw =V xf, in Q
w=Vxu V-u=0, in Q
u=0 on 9N
w(x,0) =wo(x):=V xuy, in Q.

(100)

where w = V X u and the no-slip boundary condition has been imposed. The pure streamfunction formulation for
this system is obtained by introducing a streamfunction 1(x,t) € R?, such that

(101) u=-V x .

This is always possible since V - u = 0. Thus,

(102) w=Vxu=Ay—-V(V-).
Imposing a gauge condition

(103) V.- =0,

yields

(104) w = Av.

The system (100) can now be rewritten as

(105) ag—t’lp—Vx(A'sz(inp)):VAQdJ—i-fo, in Q.
The boundary conditions u = 0 translates to V x @ = 0 on 9{2. We require that
(106) nx®Y=0, nx(Vxy)=0, on N

The condition n x 1 = 0 means that 1 is parallel to n, hence the normal component of the velocity vector is
zero on the boundary. Adding the condition n x (V x 1) = 0 ensures that the full velocity vector vanishes on
the boundary. The requirements in (106) are equivalent to four scalar conditions, namely the vanishing of the two
tangential components of ) and V x 1.

Turning now to the gauge condition V - 1 = 0, we add the condition

o .
(107) % ~0, on 00
Together with the vanishing of the tangential components of 1, it implies that
V-1 =0 on 09.

Equations (106)-(107) consist of five scalar conditions for 4 on the boundary. We can still add one more scalar
boundary condition, as the equations for the 3- component streamfunction 1 contain the fourth order biharmonic
operator. The sixth scalar boundary condition that we choose to add is

(108) A(V-¢)=0, on Q.
‘We thus obtain
(109) V-yp=0, AV-¢)=0, on 0N

We assume that the initial value 1 (x, 0) satisfies (V - )(x,0) = 0. Taking the divergence of (105) we obtain
an evolution equation for V - 1.

AV -
(110) W —UAXV-9), i Q.
Equations (109)-(110) together with the assumption that V -1 = 0 initially ensure that V -4 = 0 for all ¢ > 0.

See also [1], [11] and [12]. Finally, we have the following three-dimensional pure streamfunction formulation

%fb—VX(M’X(wa))sz2w+fo, in

(111) nxay=0, a(gin) =0, on 99
nx (Vxe¢)=0, A(V-¢)=0, on 0.
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4. THE NUMERICAL SCHEME

Our numerical scheme is based on the approximation of the following equation

(112) %%L4Nx¢yvm¢+m¢wva¢wa¢=vXﬁ in Q,

assuming that ¥ € HZ(Q). For the vector function 1) we construct a fourth-order approximation to the the
biharmonic operator as follows. The pure fourth-order derivatives are approximated by §2, 5% §% as in (73.

x) Yyr Yz
The mixed term 9.,y is approximated by
(113) 0%y Wi = 30263 j — 020y y.ijik — 8y0utm,i gk = 020ytbi ik + O(RY)
Similarly for 9yy., and ¥,,5,. A fourth order approximation of the biharmonic operator is then obtained as

(114) AR = 03p + S50 + 02p + 202,10 + 202, + 202,

The approximate derivatives ¢, 1, and v, are related to ¢ via the Hermitian derivatives as in (71).

Equation (114) provides a fourth order compact operator for A%, which involves values of 1, ¢, 1, and v, at
(1,7, k) and at its twenty six nearest neighbors. The Laplacian operator is approximated by a fourth order operator
via

(115) Aptp = 2801 — (6,3, + 63, +0.9).).

The nonlinear part in (112) consists of two terms, the convective term and the stretching term. We design a
fourth-order scheme which approximates the convective term. The convective term in the three-dimensional case
is

(116) C@p) = —((V x ) - V) A% = uldpth + vAD.1p + wA.p.

Here (u,v,w) = u = —V x ¥ is the velocity vector, whose components contain first order derivatives of the
streamfunction, and thus may be approximated to fourth-order accuracy. The terms Ad, 1, Ad, v, AD.1p may be
approximated as in the two-dimensional case. The term Ad, 1, for example, may be written as

(117) Ay tp = 0% + 0,021p + 0,029,

Here, the pure and mixed type derivatives may be approximated as in the two-dimensional Navier-Stokes equations
(see (91), (90)). We denote the approximation to the convective term by Cj,(v).

Now, we construct a fourth-order approximation to the stretching term S = (w-V)u = —(Av-V)(V x ). Note
that the stretching term contains At and mixed second order derivatives of the streamfunction. The Laplacian
of 9 may be approximated to fourth-order accuracy, as in (115). The second order mixed terms, such as 9,0,,
may be approximated using a Hermitian approximation of the type

(118) (000y)(Yoy )ik = 020y j -
Hence,
h? h?
(119) (L4 0D+ ) Wy )ijk = 0ubytbyjp 1< ij b <N -1

is an implicit equation for 1. We denote the approximation of the stretching term by gh('zb).
Our implicit-explicit time-stepping scheme is of the Crank-Nicholson type as follows.

(A i, )n+1/27(A i )" 2 n O n VIA n A n
(120) s At/2 s = _Chq/’z(',j?k + Shlbsj,j),k + §[A}21¢¢;:;/2 + A%ﬂ/’i,j,k]
(A i )n+17(A’ i )n ~ ~ . -
(121) Wi At Wosn) *C’hlf’%ﬁ:m + Sh%?;’ﬁclm + BIARYLT + ARl

Due to stability reasons we have chosen an Explicit-Implicit time stepping scheme. It is possible however to use
an explicit time-stepping scheme if one can afford a small time step in order to advance the solution in time. At
present, a direct solver is invoked to solve the linear set of equations (120)-(121).

Some preliminary computations with coarse grids confirm the fourth order accuracy of the scheme. We first
show numerical results for the time-dependent Stokes equations

(122) 8?% =vA*¢p+f, in Q.
13



We have picked the exact solution
1 _
(123) P (x,t) = —2€ Pt 2ty

in the cube 2 = (0,1)3. Here, f is chosen such that 1) in (123) satisfied (122) exactly. In the numerical results
shown here we have chosen the time step At of order h? in order to retain the overall fourth-order accuracy of
the scheme. In practice, if we are interested mainly in the steady state solution, a larger time step, which is
independent of h, may be used. In the first table below we have picked At = 0.1h2. The results for ¢ = 0.00625
are given in the following Table.

grid rate grid rate grid
55X bxH 9x9x9 17 x 17 x 17
e 2.5460(-9) | 3.82 | 1.8017(-10) | 3.98 | 1.1443(-11)
ey 7.7417(-9) | 3.73 | 5.8037(-10) | 3.96 | 3.7391(-11)
div () | 1.3409(-8) | 3.74 | 1.0052(-9) | 3.96 | 6.4621(-11)

Here e is the error in the li norm, i.e.

e =33 (Ws(wi yj, 2k) — bs(xi 5, 20)) R,
7 7 k

where 13 is the z component of the exact solution and 1[)3 is the z component of the approximate solution. e, is
the 7 in the y derivative of 3.
Below are the results with At = h? for t = 0.0625.
grid rate grid rate grid
OXHXH I9x9x9 17 x 17 x 17
e 9.6461(-7) | 4.41 | 4.5309(-8) | 4.00 | 2.8291(-9)
€y 3.0293(-6) | 4.33 | 1.5049(-7) | 3.99 | 9.4269(-9)
div (1)) | 5.2470(-6) | 4.33 | 2.6066(-7) | 4.00 | 1.6328(-8)
Next we show results for the Navier-Stokes Equations
(124) agit,w —((Vx) - V)AY + (A - V)(V x ) —vA*p =V x f, in Q

in the cube Q = (0,1)3. Here, the source term g = V x f is chosen such that

W7 t) = 3ot (% y)

is an exact solution of (124). In the following table we have picked At = 0.1h? and the results shown here are for
t = 0.00625.

grid rate grid rate grid
5XbxH Ix9Ix9 17 x 17 x 17
e 2.4497(-9) | 3.86 | 1.6924(-10) | 4.01 | 1.0473(-11)
ey 7.6486(-9) | 3.75 | 5.6845(-10) | 3.98 | 3.5917(-11)
11)
e

div () | 1.2294(-8) | 3.71 | 9.3619(-10) | 3.92 | 6.1700(-

In the next table we show again results for the Navier-Stokes Equations in the cube Q = (0,1)3, but now with
At = h? for t = 0.0625.

grid rate grid rate grid
dXHX5H Ix9Ix9 17 x 17 x 17

e 9.4418(-7) | 4.46 | 4.2709(-8) | 4.04 | 2.5934(-9)

€y 2.9836(-6) | 4.38 | 1.4334(-7) | 4.03 | 8.7800(-9)
div (1)) | 5.0471(-6) | 4.40 | 2.3944(-7 | 4.02 | 1.4778(-8)

In the figures below we display the errors for Navier-Stokes equations in 3 and (3), at ¢ = 0.0625 with At = h?
and a 173 grid.

Acknowledgment: This paper is dedicated to the memory of Professor David Gottlieb. The first author (Dalia
Fishelov) was one of his first Ph.D. students.
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erfor in psi with 17° points, t=0.0625, di=?

eror i sy, vith 17° points, t=0.0625, di=h?

x10°

FIGURE 3. Navier-Stokes : Errors in 93 and (3), for N = 17, t = 0.0625, dt = h?.
The exact solution is ’l/JT(Xﬂf) = —ie*t (24,x47y4).
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