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INTERPOLATION ON THE CUBED SPHERE WITH SPHERICAL HARMONICS

JEAN-BAPTISTE BELLETT, MATTHIEU BRACHET*, AND JEAN-PIERRE CROISILLE'

ABSTRACT. We consider the Lagrange interpolation with Spherical Harmonics of data located on the equian-
gular Cubed Sphere. A new approach based on a suitable Echelon Form of the associated Vandermonde
matrix is carried out. As an outcome, a particular subspace of Spherical Harmonics is defined. This sub-
space possesses a particular truncation, reminiscent of the rhomboidal truncation. Numerical results show
the interest of this approach in various contexts. In particular, several examples of resolution of the Poisson
problem on the sphere are displayed.

Keywords: Cubed Sphere Grid - Spherical Harmonics - Spectral approximation on the sphere - Romboidal
Truncation - Poisson problem on the sphere

1. INTRODUCTION

In this paper, the problem of interpolating data on the equiangular Cubed Sphere with Spherical Harmonics
is considered. The equiangular Cubed Sphere is a particular spherical grid widely used to discretize problems
on the sphere. For example, in numerical climatology and meteorology, it is used to support discrete unknowns
with various approximations procedures, as finite volume schemes.

A standard computational approach for PDE’s on the sphere is based on the spectral approximation. In
this case, the discrete unknowns are expanded in a finite sum of Spherical Harmonics. The discrete PDE is
obtained by collocation at the nodes of the lon-lat grid. Nonlinear terms appearing in the PDE’s are classically
treated by the pseudospectral method. In this approach, an important parameter is the truncation scheme
(typically triangular or rhomboidal), which monitors the finite summation limits in the Spherical Harmonics
series. This impacts both the convergence and the aliasing behaviour of the method.

Here we are interested to replace the lon-lat grid by the Cubed Sphere. More precisely, having selected
the Cubed Sphere nodes as location for the discrete unknowns, we wish to interpolate these unknowns with
a suitable set of Spherical Harmonics. This question seems open in the literature. Apart of its own interest,
it seems relevant in order to shed light on important mathematical properties of the Cubed Sphere. In
particular, the ”approximation power” of the Cubed Sphere has been remarked in various contexts, including
numerical schemes of various kinds [3,9,13] and spherical quadrature [10].

Our first purpose is therefore to introduce a suitable subspace of Spherical Harmonics having the “unisol-
vence” property when associated to the Cubed Sphere nodes. This particular Lagrange interpolation problem
is treated here both from the theoretical and the computational point of view. First, we consider the existence
and uniqueness of a particular set of Spherical Harmonics when restricted to the Cubed Sphere. Contrary
to the case of the lon-lat grid, this subspace naturally entails the high frequency truncation scheme. The
truncation here emerges as an outcome of our method, and not as a parameter to be selected. Second, a new
algorithm to evaluate the Spherical Harmonics representation of a set of data defined on the Cubed Sphere
is described.

Beyond its own theoretical interest, this interpolation problem is expected to serve as a suitable framework
for a discrete harmonic analysis on the Cubed Sphere. This lays out the basis for systematic spectral
approximations on the Cubed Sphere.

In Section 2, the background on the Cubed Sphere (abbrev. as CS) and the Spherical Harmonics ( abbrev.
as SH) is briefly recalled. The setup of the Lagrange interpolation problem (called ?CS/SH”) is described in
Section 3. This involves the definition of various VanderMonde matrices. Our main Theorem in Section 4
consists in establishing a particular factorization in echelon form of a VanderMonde matrix. An important
outcome is a computational algorithm, which closely follows the proof of the theorem. Finally in Section 5,
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INTERPOLATION ON THE CUBED SPHERE WITH SPHERICAL HARMONICS 2

various numerical experiments and results are displayed. Some numerical results on the Poisson Problem on
the sphere are given.

2. NOTATION

2.1. The equiangular Cubed Sphere. We consider the interpolation problem by Spherical Harmonics
(SH) on the Cubed Sphere CSy, N > 1 being a fixed resolution. In what follows, we assume that a Cartesian
frame R = (0,4, j, k) is fixed. The definitions depends on this frame.

The Cubed Sphere grid CSy is defined as the set of 6/N? + 2 nodes with coordinates

(1) CSy = {\/ﬁ(il,m,um)a \/ﬁ(uhil,um)’ \/ﬁ(uz,um,il)}

where the u; are equidistribued on [—7/4,7/4] as
(2) u; = tan 21—17{,

This equidistribution justifies the name of equiangular Cubed Sphere. These nodes are numbered with the
index j € [1: N(N)], where we denote N(N) = 6N? + 2 (simply called N when there is no ambiguity).

(3) CSy = {z;, je[1:N]}.

Refer to [12] for more details and to [11] for alternative Cubed Sphere grid.

2.2. Spherical Harmonics. Our notation for Spherical Harmonic functions is as follows.

e The set Y, is
(4) Y, = Span (ern(m)v —n<m< n) n >0,
with the SH function Y, is defined by

sin [m|¢, m <0,
(5) Y (@) = Y0, 6) = (— 1)l [ 20 kD! plml(gin ) 5 o L, m=0,

cosme, m > 0.

We denote
6 x = (cos 6 cos ¢, cos 0 sin ¢, sin §)
© ¢ € [—m,m], azimuth or longitude and 6 € [—7, 7] elevation or latitude.

In (5), the associated Legendre function is

(7) P () = (~)mI(1 = )2 G e (2 - 1)

dtlml+n 2nnl
o We denote ), the set of HS functions of degree less or equal to n,
(8) Vn=Y0 - @Y,

The set (V™) _p<m<n is an orthonormal basis of Y,, for the scalar product of L?(S?) given by

9) (f,9)2 = /s? f(x)g(x)do.

The infinite family (Y,7){m|<nnen is a Hilbert basis of L?(S?). We refer to [1,7] for more details.
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INTERPOLATION ON THE CUBED SPHERE WITH SPHERICAL HARMONICS 3

3. LAGRANGE INTERPOLATION ON THE CUBED SPHERE WITH SPHERICAL HARMONICS

3.1. General setup. Let (y;);<j<y be a set of values given at the nodes ;. We are interested in finding a
SH function p(x) satisfying the equations

(10) p(x;) =y;, V1<j<N.
Problem (CS/HS): Find an integer N' = N'(N) and a subspace Yy, C Yn-, such that the interpolation
problem (10) with p € Y}, has a unique solution.

Observe that the integer N’ depends of N, and is part of the unknowns. In Section 4 below, we propose
a constructive algorithm to solve the problem (CS/HS).

3.2. VanderMonde matrices. We analyse the structure of various Vandermonde matrices (abbreviated as
VDM) associated to the problem (CS/HS).

Definition 3.1 (VanderMonde matrices). Let N be the resolution of the Cubed Sphere (1) and N = 6 N2 +2
the number of nodes.

e For k fixed, the rectangular matrix Ay is the VDM matrix associated to the basis ¥;*, =k <m < k
of the SH space Y}, and to the nodes x; € C'Sy, is defined by

(11) A 2 [V())) pemeracjen € REFDAN,

e For n fixed, the matrix A,, is the VDM matrix associated to the basis (Y} )|,<k<n oOf the space V.
It is defined by

A
(12) A, 2| | e RN,
An
Let N’ be a fixed integer and Yy =Yy @ --- @ Yys. Let p(x) be the HS function with decomposition in

the Legendre basis
plEy="> > (=)
(13) 0<n<N’ |m|<n

Y ()] [py]

The vector [p(x;)]|T € RY is expressed in term of the matrix Ay and of the components [p"] by

(14) (1), ... p(xy)]T = AL [p)']
Therefore, the interpolation problem (10) is expressed with the VDM matrix Ay by the system
(15) ANlpnl =y,

where y = [y1,...,yx]T. A sufficient condition for the VDM matrix A, to have full rank results from the
following result.

Proposition 3.2 (Lemma 3.13 in [8]). Let Q = {z;,1 < j < M} C S} be a general distribution of nodes
on the d-dimensional sphere. Let

(16) sep(2) = rJn;gl arccos(x ] x;)

denotes the separation distance of the nodes in Q). The nodes are called ”q-separated” if sep(?) > q. Assuming
that n is such that n > 2.5wd, then the VDM matriz

(17) Zn e RMN 7, & V()
has full row rank M.

l=—k..k,j=1,.M

In the particular case where the x; are the nodes of CSy, we call sep(CSy) the separation distance on

CSy.
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INTERPOLATION ON THE CUBED SPHERE WITH SPHERICAL HARMONICS 4

Corollary 3.3 (sufficient condition for A, to have full column rank). Let n > 1 and let 0 < gn < sep(CSn)
be such that n > %. Then the VDM matriz A,, € RM+1D°*N pag full column rank N.

Definition 3.4 (rank and ”rank increment”). For all n > 0, the rank of A,, is denoted by 7, and the rank
increment between A, 1 and A, is denoted by g,:

{rn £ rank A,,n >0,

18
18) Gn =Ty —Tp_1,m >0,

with the convention r_; £ 0, gg 2 ro.
By Corollary 3.3, for n large enough, we have rank(A,,) = N. This justifies the following definition

Definition 3.5 (integer N'(N)). We call N'(N) (or simply N’ in case of no ambiguity), the smallest integer
n such that A,, has full column rank N. Equivalently, N’ is defined by
(19) N’ = min{n > 0 such that r, = N'}.

It results from Corollary 3.3 that
(20) N' < @.
an
Refer to Remark 5.3 for further comments on the value sep(CSy).

4. CONSTRUCTING A SH SUBSPACE ON THE CUBED SPHERE

In this section we give a constructive algorithm to build a subspace Y}, of SH functions solving the problem
(CS/HS) above. It consists in constructing a suitable factorization of the sequence of matrices (A, )n>0. The
factorization itself will reveal both the sequence (r,,)>o and the integer N’ in (19). See also Section 5.1 below.

4.1. Echelon form of matrices. We recall the definition of a matrix in Column Echelon form (abbreviated
CE form).

Definition 4.1 (Column Echelon form). Let A € R™*" be a rectangular matrix. The matrix A is said to
be in CE form, if there is some r € 1 : n] such that

e the columns j € [1 : r] are nonzero, where the index j — 4(j) of the first nonzero coefficient a non
decreasing function. (The coefficient A(i(5),7),1 < j < r, is called the pivot of the column j).

e the columns j € [r + 1: n] are zero.

A matrix A € R™*"™ can be reduced in CE form using Gaussian elimination with partial pivoting on the
columns. In addition, the number r of pivots represents the rank of the matrix.

In the sequel, we show that the VDM matrix A, in (12) can be expressed in CE form by mean of suitable
orthogonal matrices.

4.2. Factorization of the VDM matrix A,,. In the next theorem, we establish a particular factorization
of the VanderMonde matrix A,. This factorization serves to define a computational procedure to identify
a space Y/ C Y, satisfying (10). As a byproduct, the maximal degree N’ in (19) and the rank increment
sequence (gn)g<n<ny Will be identified as well.

Recall that the VDM matrix A,, is defined by

Ao

(21) A, 2| | e ROFDIN,
An

Theorem 4.2 (Structure of A,). Let n > 0.

The matriz A,, can be factorized in the form

(22) A, =U,E, V],

where
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INTERPOLATION ON THE CUBED SPHERE WITH SPHERICAL HARMONICS 5

e The matrices U,,, V., are orthogonal with
{Un c R(YL+1)2 x(n+1)2

(23) o
VvV, € RVXV,

e The matrix E, € RM+D°*N phas rank rn and is in CE form as displayed in Fig. 1 (left panel).
In particular, rank(E,,) = r,.
Proof. The proof is constructive. Therefore, in the course of it, recurrence formulas emerge, which play an
important role in the computational procedure. It allows to identify both the degree N’ and a suitable space

Yy in (10). We proceed by induction on the degree n > 0. First for n = 0, Y (z) = 1/v/4w. Therefore

Ay = \/%[1, 1,...,1] € RN, A SVD decomposition is expressed as Ag = UpSoV with

(24) Uy =[1], So = [\/N/4r,0,...,0], Vo = [v1,v2,...05]
where Vp € RVV ig orthogonal and v, = ﬁ[l, 1,...,17. Weset Ug = Uy, Vo = Vp and Ep = Sp. Assume

now (induction step) that the result holds for n — 1. We have A,,_1 =U,_1E,,_1V,_; for some orthogonal
matrices U,,—1 and V,,_; and for E,_; in CE form (see Fig. 1). Consider the matrix

U:lf;,—l 0,2 241 [ UT_ 0,29 1:| |:A _1:|
n<,2n AnVn, — n—1 n=,2n+ n Vn,
02n+1,n2 I2n+1 ! _O2n+1,n2 12n+1 An !
[ UT 0,2 U, E,_ VT
25 — n—1 n?,2n+1 n—1Ln-1V _1 vV,
( ) _02n+1,n2 12n+1 A’Vl !
_ [ Enfl
n _Anvnfl '
Using the CE form of E,,_; shown in Fig. 1, we have
(26) E, 1 _ Eﬂfl([[]' : nzﬂv H]- : 7Anfl]]) O(Hl : nz]]al[Tnfl + ]-7 N]]) _
AV 1 AV 1([1: N1 :rne1]) AnVapo1([1: N][re-1+1:N]| -

The orthogonal matrices U,, V,, and the block diagonal matrix S,, are defined by the SVD of the block in
position (2,2) in (26)

(27) AV 1([L: N],[rn-1 +1: N]) =U,S, V]I
We have that rank A,,_; = rank E,,_;. Therefore, using (18) and (26), it turns out that
(28) rank S, = gp.

By definition of the SVD, U,, and V,, are orthogonal, whereas S,, is diagonal, with nonnegative and nonin-
creasing values along the diagonal. This gives that (25) can be expressed as

(29) Ul . 0,292,141 AV o — E, ([1:n?],[1:rna])  O([1:n?], [rn—1+1,N])
02n+1,n2 12n+1 nrnol Anvnfl([[l : Nﬂ, Hl : 7Onflﬂ) UnSnVJ ’

. . 1,2 0,,2 2 1 . 1,2 0,,2 2 1 .
Multiplying (29) on the left b " no2ntl) and on the right b " e 2nt ields
PIInS ( ) Y |:02n+1,n2 U71L- ] & Y 02n+1,n2 Va Y

(30)

|: U271 0n272n+1:| A V . |: I;|;2 0n272n+1:| — |: Enfl([[l N 7’]‘2]]7 [[1 N T‘nfl]]) O([[]. N ’I’L2]]’ [[Tnfl + 17NH)

02n+1,n2 UrI 02n+1,n2 Vi U;{Anvnfl([[l : ’IZQ]], [[1 : rnfl]]) Sn

Define the matrices U,, and V', in terms of the orthogonal matrices U,,_1, V,_1, U, and V,, by

Un— 1 0n2 2n+1
0271—',—1,712 U, ’

L: 0
Vn - Vn—l |: 0 Vn:| .

(31) o [
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INTERPOLATION ON THE CUBED SPHERE WITH SPHERICAL HARMONICS 6

The matrices U,, and V,, are orthogonal and satisfy U, A,V, = E,, which is equivalent to (22). Fur-
thermore it turns out that the matrix E,, defined in (30) is in CE form. In fact we have r,, = rank F,, =
rn—1 + rank S,,. This proves that rank S,, = g, and that E,, has the shape shown in Fig. ?7. O

As already mentioned, the steps in the proof of the Theorem 4.2 can be turned into a computational
algorithm, with a loop over the integer n, as follows

Algorithm 4.3. While r, < N = 6N? + 2, do for n > 0,
1. compute the matriz A,;
2. compute the matrices Uy, Sy, Vy,, by SVD of the matriz in (27) (24 forn=0);
3. assemble the matrices E,, V,, and U,, by (30-31).
4. compute the rank increment gy, by (28), and the rank vy, = rp_1 + gn-
End While
5. The algorithm exits evactly when v, = N.

Corollary 4.4. Letn > 0. - -
(i) The columns of V. ([1: N],[rn +1: N]) are an orthonormal basis of Ker A,,. B B
(ii) The columns of U, ([1 : N, [1: gn]) are an orthonormal basis of Ran(A,V ,—1([1: N], [rn-1+1: N])).

We consider now the functional interpretation of the algorithm (4.3). It allows to define a particular
Spherical Harmonic subspace, which provide a suitable answer to the problem (P). First we define the
functions u? (z) as follows.

Definition 4.5 (Functions u},). For all 0 <n < N’ and 1 < i < 2n+ 1, the Spherical Harmonics u’ (x) € Y,,
is defined from the column vectors of the matrix U,, by

(32) up (@) = [V, ()] Un([1: N 9).

—n<m<n
The !, form on orthonormal family of Y,,.

Definition 4.6 (SH spaces Y,, and )),). (i) For all 0 <n < N’, we call Y,, and Y}/ the spaces defined by

33 Y! £ Span{u,1<i<g,} CY,, Y'2Span{u' g, +1<i<2n+1
n n n n
and
L
(34) Y,=Y,aY,.

(ii) The SH subspace Vjis defined by
(35) Vo 2Y] & @Y}, =Span{u’,1 <i<g,,0<n<N'}.

The space Y, is the space of SH functions of degree n which are ”incorrectly represented” on the Cubed
Sphere CSpy. This means that their restriction to CSy coincides with the restriction of a SH function of
smaller degree. This is expressed as follows

Corollary 4.7 (Interpretation of the space Y,”). For n > 1, the SH subspace Y, satisfies
Y/ ={feY,: flosy €RanAl_}={feY,:FgeYo® - ®Y,_1, flosy = 9lcsy }-

Proof. Let Ilker a,,_,, (resp. gy AT,I) be the matrix of the orthogonal projection on Ker A,,_1, (resp. on

Ran AT ;). Then the columns of V,,_1([1 : N],[rn—1 + 1 : N]) form an orthonormal basis of Ker A,,_.
Similarly, the columns of Uy ([1 : N],[1 : gn]) form an orthonormal basis of the space Ran A,V _1([1 :
NJ,[rn—1 +1: N]). Therefore, the columns of U, ([1 : NJ,[1 : g,]) form an orthonormal basis of the space

1
Ran(A4, ke a,_,) = (Ker(I—HRan AL])ATTL) . This space represents the Spherical Harmonics of degree

n with restriction to CSy are in Ran AT_,. This means that when restricted to C'Sy, they coincide with

Spherical Harmonics of lower degree. O
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Tn—1

(n+1)?

gTL

lon+1

Tn

Tn

FIGURE 1. Left panel: the VDM A,, is equivalent to the column echelon matrix E,,, whose
shape is represented on the left. Right panel: elimination of redundant lines in E,, results
in the lower triangular matrix L,,, displayed on the right.

Remark 4.8. In [6, p. 602], a method is considered to numerically identify the subspace Ker My N Ker My,
where M7 and M, are two matrices. The following SVDs are evaluated

M, = U151V,
{M2V1 =Uz52V2

The space Ker M;NKer M; is deduced from the knowledge of the matrices Sy, V4 and So, V5. The factorization
in (25) in our approach uses a similar idea. However, a first difference is that our method uses (36) iteratively
and not just once. Second, our goal is to identify an range subspace and not a kernel. Indeed, at step n, the
orthonormal basis U, ([1 : N],[1 : gn]) of Ran A,,V,, _1([1 : N], [rn_1 +1: N]) is stored, since it defines the
orthonormal basis (u},)1<i<g, of Y, C Vi

(36)

4.3. Row compression. Consider again the factorization (30). It is expressed as
(37) UTA, =E,V,.
We perform a row compression by eliminating redundant rows in (37). This leads to define the matrices
U, € ROV and L, € RN by
Uo([[1 = 1], [1 : go])
UYL = - . )
Un([1:2n4+1],1: ga])
Iy (1 = go], [1 : 1])
L, = E,.
Lopt1 ([ 2 gn], [L: 20 + 1)

The matrix L,, in (38) is lower triangular. It contains the pivot rows of the column echelon matrix E,,. Doing
s0, the rows of Sk, k < n, with nonzero singular values are conserved and the zero rows of Sj are eliminated.
This is summarized in the following
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Corollary 4.9. (i) The matriz UlAn admits the following LQ factorization
(39) U'A,=L,VT],

where the matriz L, is lower triangular and has full row rank with r%nk L, =r,, and ﬁlf]n =1,
(i) In particular for the degree n = N’ in (19), we have rn+ = N and the matriz Ay: has full column
rank. The factorization (39) of An:

T
(40) UN/AN/ :LN'V}-V/
s such that the lower triangular matriz Ly, € RY*N s non singular.
The compressed factorization (40) now gives a solution to the interpolation problem (P).

Corollary 4.10 (Solution to Problem (CS/HS)). The space Yy is unisolvent for the Lagrange interpolation
problem (CS/HS).

(41) Vye RN, Jue Yy, ulx)=vy;, j=1,...,N.
The SH function u(x) is expressed in the basis Y™ by

(42) {u(m) = V@) <nen One,
a=(LL) " Lhy.

The vector o is obtained by backward substitution in the upper triangular system LY, o = V1, y.

Proof. Let u € Yy,. There exists a unique family of N reals, o = (&f,)o<n<n’1<i<g,, Such that

(43) u()= Y Y () = WOl cpen Unve

0<n<N’"1<i<gn
By the Theorem 4.9, we have
(44) [u(@;)]1<j<n = A Uya=VyLja,
where V' is orthogonal, and Ly is lower triangular and nonsingular. Therefore the function u(x) is a SH

function interpolating the data y € RY on CSy if and only if the vector « satifies V x+ L}, & = y, which is
equivalent to a = (L) V], y. O

5. NUMERICAL RESULTS

5.1. Numerical estimate of the rank increment. Let N > 0 be the integer representing the accuracy
of the Cubed Sphere C'Sy. The Corollary 3.3 asserts that the algorithm (4.3) necessarily exits after a finite
number of iterations on n with exit index n = N’, defined in (19). Regarding the rank increment g, the
Theorem 4.2 shows that g, = rank.S,, is the number of nonzero singular values of S,,, see (28). Thus g, is
numerically estimated by some thresholding of the diagonal of S,,. This kind of thresholding is commonly
used to numerically determine the rank of a given matrix by using the SVD . Here, we have used such a
rank evaluation to infer the value rank(A,) — rank(A,_1). This value has been systematically tabulated
with matlab. Table 1 reports the rank increment in A,, for N increasing from N = 1 (Cubed Sphere with 8
nodes) to N = 6 (Cubed Sphere with 218 nodes) . This has led to the following claim.

Claim 5.1. (1) Aan—1 has full row rank. Equivalently, ran -1 = 4N?2,
(2) Asn has full column rank. Equivalently, rsy = N.
(8) The sequence of rank increments g, in (18) is numerically observed as given by

o+ 1, 1<n<2N -1,
=1 g, = 43N —n)—2, 2N <n <3N —2,

3, n=3N-1,

1, n = 3N.

OLQ factorization is identical to QR factorization up to transposition
Othis is the principle behind the method rank in matlab
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From now on, if not otherwise mentioned, the Claim 5.1 will be used to further perform numerical approx-

imations. In particular we assume that roy_1 = 4N2 for n = 2N — 1, and 5y = N = 6N? 4+ 2 for n = 3N.

o012 34 5 6 7 8 9 10 11 12 13 14 15 16 17 18
111 3 3 1
211 3 5 76 3 1
311 3 5 7 9 11 10 6 3 1
411 3 5 7 9 11 13 15 14 10 6 3 1
5(/1 3 5 7 9 11 13 15 17 19 18 14 10 6 3 1
6/1 3 5 7 9 11 13 15 17 19 21 23 22 18 14 10 6 3 1
TABLE 1. Numerically evaluated rank increment g, of the VanderMonde matrix A,, for

1< N <6 (row), 0 <n < 3N (column). The matlab routine rank has been used.

Some consequences of the Claim (5.1) are as follows

(1) The smallest n > 0 such that r, = N is
(45) N’ = 3N.

(2) For every 0 <n < 2N —1,Y, =Y,. In particular, the unisolvent space V%, contains all Spherical
Harmonics of degree n < 2N. We have Yo @ --- @ Yon_1 C V'3n. We call

(46) Vo=Yo@ @ Yan_1.
(3) For all 2N <n <3N, Y, CY,. There exists a SH of degree n, f € Y,,, such that f ¢ Vi,. We call
(47) Vy=Yoy & & Yiy.

In summary, assuming that the Claim 5.1 holds, the Spherical Harmonic subspace attached to the Cubed
Sphere C'Sy by the analysis above is the space Y%y . It is decomposed as

(48) Vin =Y, ® V.

As a corollary, we have that for all n > 3N and f € Y,,, there exists u € Y}y such that f|cs, = ulcsy-
Remark 5.2. A proof of Claim 5.1 is open for the moment.

Remark 5.3. In (20), an upper bound of N’ has been proved to be

7.5
(49) N' < [=yeenicsm |

where 0 < € < 1 is a small number. One may wonder how (49) compares to the value N’ = 3N in (45).
The analysis in [2] has etablished that the shortest geodesic distance sep(CSy) is realized for any short arc
around the center of any edge on the Cubed Sphere. Expressing this distance in terms of the Cubed Sphere
step angle /2N (equatorial grid size), it turns out that

V2 T

A straightforward consequence is that the upper bound above is bounded by
(50) SVEIN' ~T.07TN',

which is a significantly larger value than N’.
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5.2. Truncation analysis. Approximating functions on the sphere is commonly obtained with a truncated
Spherical Harmonic series. A function & € Sy — f() is expanded as

—+oo
(51) FON0) =" > Y (A, 6)

n=0|m|<n
or equivalently
+oo oo

(52) FON0) = > > YA 0)

|m|=0n=|m|

A first truncation scheme is the triangular scheme. It consists in defining fr ~ f by the finite sum

Nt
(53) frOne) =" > YA 0).

n=0 |m|<min(n,Mr)

Here My, Ny are parameters defining the truncation.
A second truncation is the rhomboidal scheme. We define fr ~ f by

(54) frON0) = D > YA 0).

Im|<Mp n=m

Both truncations are represented in Fig 2.

m — m
|

Nrp

I
|
I
B R -~~~ ======>g==========

n n

FIGURE 2. Left panel: Triangular truncation with parameters M7 and Np. Right panel:
Rhomboidal truncation with parameters Mgr and Ng.

In [5] the two truncations are compared in the context of ocean numerical simulations in the case My = Np
and MR = NR.

Here we are interested to identify which truncation is related to the approximation with the space V.5
in (48). In our case, there is no additional parameter to choose. The truncation, which necessarily occurs,
automatically emerges from the relations (41-45).

The approximation space V4, in (48) is decomposed as

(55) Vin = Yo ® Yy
Consider a given function Y,7*(x), n > 0, |m| < n. The truncation scheme of the space YV} is evaluated
by using the least square value
(56) d(Y,", Van) = V" = Ty, Y l2,
where IIy, Y™ € Y3y stands for the orthogonal projection of Y, on V3. They are three cases
(1) n < 2N. In this case, d(Y,7*, V% y) = 0. This means that Y, € YV C Vi .

(2) n > 3N. In this case, d(Y,;”, V5, ) = 1. This means that Y,)" is orthogonal to Y4 .
(3) 2N <n < 3N. This is the region where the truncation occurs. This case is analyzed below.
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The orthogonal projector on Y}y, (resp. on (V}y)T), is represented by the matrix UgNU;N, ( resp.
F T
I-UsnUjspy). We have

(57) d(¥y", Yan) = min [le; (1 — UsnUsy)lle

where ¢;(M) stands for the column j of the matrix M. In Table 2, the distance d(Y,)*, Y}, ) is reported in
the case of the Cubed Sphere CSs, (N = 2). The results are in conformity with the case (1) above, where
Vi = ®n<an-—1Y, C YViy. The figures in Table 2 are reported in grayscale in Fig. 3 (top-left panel). The
same results for N = 4, 8, 16, 32 are reported in the same fashion in the left side in Fig. 3. As can be
observed, some rhomboidal pattern emerges for the case (3) (case 2N < n < 3N). Two regimes of (n,m)
appear

e Y is accurately approximated by the space Yy if M, < |m| < 2N, where n — M, is some
increasing function.

e Y™ is orthogonal to the approximation space V4, for |m| > 2N. This corresponds to high values for
n and m.

5.3. SVD factorization of the VDM matrix Ay. In Section 4.1, a particular echelon form has been used
as a building block to obtain a factorization of Vandermonde matrices. One may wonder how this compares
to the more standard SVD factorization. Here we consider the alternative of using the SVD decomposition
of the full VDM matrix Ay~ in (40)

U;VD AN/ = SSVD VgVD .

This factor form gives that the matrix Ugyp € R /“)Q_XN _contains an orthonormal basis of Ran Ays. The
matrix Vgyp € RY*¥ is orthogonal, and Ssyp € RY*¥ is diagonal, nonsingular and has the positive
singular values of Ay on the diagonal. Suppose that, according to Claim 5.1, it holds that N’ = 3N. Then,
an approximation space Yiyp is deduced from the columns of Ugyp. This space is a priori different from

the space Y4, in (48). The interpolating function associated to the set of data y € RY is ugvp(x) given by
. -1
usvp(x) = [ern(w)]rm\gngszv(A;,N>Ty7 with  (AJy)" £ UsvpSsypVivp:

Here, (AJ )T is the Moore-Penrose inverse AJ,;.

We now comment on how the two spaces V5, and Vi, compare in terms of approximation power. Table
3, is the counterpart of Table Y}, when replacing the space Y4, by the space Viyp. Similarly, in Fig. 3, the
right column is the counterpart of the left column. As can be observed, the truncation pattern is different
for Vi and Viyp: when using Y&y the nonzero values (56) are smaller. But the proportion of the well
represented Spherical Harmonics is also smaller. Notice nonzero values (56) in the region N < n < 2N.
Overall, the space Yy has less approximation power than Y% .

Table 4 reports a repartition analysis of the distance values (57) when using each subspace, Vi and)j .
At least 25% of the Y",n < 3N are in the space YVj},. And at least 25% are almost orthogonal to V%, . The
interquartile @3 — @1 and the standard deviation indicate that the distances are less dispersed in the SVD
approach. The first quartile in the SVD case is larger than the median in the echelon case. In particular
a larger proportion of Y,7*,n < 3N, is accurately interpolated in )%, than in Y&yp. Finally, the observed
minimum value 3.8 - 10~% for the SVD approach with N = 4 indicates that none of the Y, belongs to
the space Viyp. Moreover, the median 1.4 - 1073 (N = 32) shows that half of the Y;*,n < 3N, are well
represented in )4,. Finally we plot the histograms of the distances for N = 32 in Fig. 4. Again, these
histograms support the preference to the subspace Y4, compared to Y4y . The picture is as follows. Either
Y™ almost belongs to V5, either Y, is almost orthogonal to Y4,. And more that 50% of the ¥;;" almost
belong to V%, whereas less than 15% are close to Viyp-

In conclusion, the incremental approach in Algorithm 4.3 has led to associate the approximation space
Vi to the grid C'Sy. This space displays a rhomboidal like truncation in the range 2N < n < 3N. In
terms of approximation power, this space seems more promising than the space Y&yp This is particularly
true regarding the inclusion of a SH Legendre subspace as large as possible in the approximation space.
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101 1012 107° 1076 1073 10°
I 0 _ T TS

FIGURE 3. Left: distance d(Y;)", V%y). Right: distance d(Y;", Y&yp)- From top to bottom:
N =24, 8,16 and 32.
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6 -5 A4 -3 -2 -1 0 1 2 3 4 5
0 0
1 0 4.7e-17 4.7e-17
2 0 6.2e-16 7.6e-17 2.3e-16 3.5e-16
3 2.2e-16  7.7e-17 2.2e-16 3.3e-16 3.6e-16 4.9e-16 3.2e-16
4 1 0.35 5.1e-16  0.94 4.8¢-16 0.94 1.6e-15 0.35 9.3e-16
5 099 1 0.32 1 0.96 0.89 0.96 1 0.32 0.45 0.99
6|1 1 1 1 1 1 0.94 1 1 1 0.35 1
TABLE 2. Distance d(Y;)*, Viy) = |Y," — Iy YM 2, 0 <n <3N, —n<m <n; N =2.
-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6
0 8.3e-16
1 9.9e-16 8.3e-16 1.2e-15
2 0.68 0.68 0.74 0.68 0.74
3 0.71 1.1e-15 0.68 0.75 0.68 0.64 0.71
4 1 075 0.71 0.97 0.15 0.97 0.23 0.75 0.18
5 0.71 1 0.25 1 0.69 0.59 0.69 0.77 025 0.3 0.71
61071 084 1 0.84 0.73 0.79 0.59 0.79 0.9 0.84 0.22 0.84 0.76
TABLE 3. Distance d(Y,)", Yiyp) = |Yo" — Huygyp Yo ll2, 0 <n <3N, —n <m < n; N = 2.
a(y,", Viy) d(y,", Ysvp)
N | min Q1 median Q3 max mean std min Q1 median Q3 max mean
2 0 3.5e-16  0.35 1 1 0.51 0.47 | 83e-16 0.52  0.71 0.79 1 0.62
4 0 5.9e16 037 0.99 1 0.46 0.46 | 1.7e-15 0.52 0.69 0.73 1 0.59
8 0 8.8e-16 0.1 0.98 1 0.42 0.45 ] 0.00038 0.48 0.68 0.71 1 0.56
16| 0 1.1e-15 0.024 0.93 1 0.4 045 | 3.1e-05 048 0.67 0.71 1 0.54
32| 0 1.4e-15 0.0014 0.91 1 0.39 0.44 | 2.3e-08 045 0.66 0.71 1 0.53

TABLE 4. Comparison statistics of the distances

d(Yr;nvyéN) and d(ernmyéVD) ’ ‘m‘ <n<

3N: minimum, first quartile, median, third quartile, maximum, mean and standard devia-

tion.
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FIGURE 4. Histogram of the distances d(Y,)*,V4y) (left panel) and d(

panel), with |m| <n <3N =3-32.
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5.4. Interpolation test cases. We interpolate the following set of test functions on the sphere S2.
filw,y2) =T+ a4y’ +ya’ +0 +4° +2%
fo(z,y,2) = %exp [7 (9””22) _ (9y22) . (9z12) } ,

_(92+1)®  9y+1l  9z+1
xp [ 19 10 w0 |

222

+ o+
N[
@D

1 _(92=7)%  (9y=3)% (92—5)2}

2 7} 3 1 ;
—Lexp[—(9z—4)> = 9y —7)* — (92— 5)?],
fs(x,y,2) = §[1 + tanh(—9z — 9y + 92)],
fa(@,y,2) = §[1 + sign(—9z — 9y + 92)],

The function f; is polynomial and f; € ©,<6Y,. The functions f; and fs; are regular and they have many
SH components in their expansion (51). The function fy is discontinuous. In Fig. 5, the interpolation errors
with N = 2 and N = 4 for this set of functions is displayed. Furthermore, we display in Fig. 6 the uniform
error and the root mean squared error (RMSE) on CSy.

eV, £3) 2 [ filosy = I filesslloe = max |fi(@) = (Tn fi) @)l

es(N, ;) 2 oy | filosy — Infilosy ll2 = (& Caccsy fi@) — @n fi) (@)[2)7.

For N large enough, f1 € Y}y, which gives a null error. The smooth function f; is interpolated with an error
decreasing with N. This is also the case for the function f3, with a decreasing rate smaller than the one for
f2. This reflects the CP regularity of the functions fo and f5. Finally, as expected, the discontinuous function
f4 is not well interpolated. The RMSE decreases very slowly, and the uniform error does not decrease.

(58)

5.5. Poisson problem on the sphere. Let g : * € S? — g(x) a function defined on the sphere. We
consider the null mean Poisson equation on the sphere in the class of regular functions (say C*°):

Au=yg

2
(59) /udo:O on S*.
S2
Consider the expansion (51) of g
(60) 9= D Gum¥"
n>0|m|<n
Then, using that
(61) AY," = —n(n+1)Y,",
the solution of (59) is
gn m
@ LYY e
n>1 \m|<n

The null mean assumption on w gives that there is no contribution for n = 0.
Consider the Cubed-Sphere CSy. Our numerical scheme to approximate (59) using the space Yj, in (48)
is to use a spectral like approach as follows.

(1) Define g*, the restriction of g(x) to CSy by

(63) g; = lo(x;)], jel:N]
(2) Calculate the SH function g, (x) € Y%y defined by

(64) gn(@) =gV (@)

where the vector § € RY is given by § = Usn(LIy)"'VIvglosy
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f3s—1afs fs—1Luf3

-0.05 0 0.05
)

FI1GURE 5. Interpolation of test functions. Left: test functions. Middle, right: interpolation
error on CSy, CSy.

(3) Define & € RN by @ = Aj where A is the diagonal matrix

A0)
AD (0 -
A= ( ) e RVN and A :{
0 -

0 ifn=0

—n<i<n
else.

1
T n(n+1)
ABN)
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1001 T T T T T T 100 T T T T T T
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107 107
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10710 10710
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10716 10716
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10 5 10 15 20 25 0 ° 5 10 15 20 25 30

FIGURE 6. Interpolation error (log 10-scale) of test functions on CSy, for 1 < N < 32. Any
error is evaluated on CSgs. Left: uniform error; right: RMSE.

(4) Define up(x) by
(65) un(a) =iy Y, ()

(5) Evaluate uj, the restriction to the C'Sy of up(x).
Selecting A(()% = 0 emplies that / updo = 0 at the discrete level. Second, according to Corollary 4.10,
SQ
we have up = u in the case where g € ygN.
We consider the test case in [4,14]. Let g = g, + g given in longitude-latitude coordinate (A, ) where

{ga()\, 0) = —(m+ 1)(m + 2) sin(9) cos™ (9) cos(m(\ — d,))

(66) (X 0) = m(m +1) cos™ (0) cos(m(A — ern).

The exact solution is u = u, + up with
ney =4 sin(#) cos™(0) cos(m(A — dy,)) i m >0
(67) Yals¥) = —sin(0) — 1 if m=0
up(A, 0) = cos™(0) cos(m(A — en)).
In the sequel, the values e,, and d,, are phase angles in [0, 27| picked at random.
The accuracy is evaluated by

Y lun(@y) —ul@:)?

ijCSN

> lule)

(BjECSN

(68) E=
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This evaluation is repeated for 30 values of e,, and d,, in [0, 2x] (picked randomly). Fig 7 reports the mean
value of log,y(E) in function of m. Three Cubed Spheres are considered, C'Ss, C'S16 and CSs2. For a given

Csg Cs

16

10g10(E)
log10(E)

Cs,,

S12+
-12.5¢
-13fF

-13.5+

10g10(E)

14k

-14.5 1

“15 Lk

-15.5

-16
10 20 30 40 50 60 70

m

FIGURE 7. Poisson equation solver error on CSy for N € {8,16,32}. The relative error is
plotted related to the value m for 30 random values e,, and d,, in [0, 27].

grid CSy, the error E increases with m, which is expected, due to the cut-off in resolution of the grid. The
magnitude of the error E is similar to the one reported in [4] which uses a standard collocation spectral
solver with a lon-lat grid. Here, there is no loss in accuracy, despite that the function (67) is expressed in
lon-lat coordinates. The truncation reported in Section 5.2 is analyzed as follows. In Table 5 the error E
is reported for m € {2N — 1,2N,2N + 1}. Consider for example CS1g. For m = 2N — 1, the error is of
the order of 10713, For m = 2N, the error is augmented by a factor of 10°, which gives E ~ 10~°. Finally,
another augmentation by the same factor of 10° occurs again leading to E ~ 10~! for m = 2N + 1. This
corresponds to an undersampling of the function g along the equator.

m=2N —1 m = 2N m=2N +1
N=8[453x10"7 325x10° % 274x107"
N=16|331x1071 296 x107% 1.31x 107!
N=32|191x10""? 1.33x107? 6.40 x 102
TABLE 5. Poisson equation error on CSy for N € {8,16,32}. The relative error E in (68)
is related to the value m. It is averaged over 30 random values e,, and d,, in [0, 27].

6. CONCLUSION

In this study, a methodology to associate a Spherical Harmonics subspace to the Cubed Sphere C'Sy has
been introduced. The particular subspace considered in Section 4 is based on a specific Column Echelon
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factorisation of the Vandermonde matrix. This space seems promising in terms of approximation power. As
seen in Section 5.2, it compares favourably to alternatives factorisations, such as the SVD.

This work took its origin in the numerical observation of the rank increment property stated in Claim
5.1. A proof of this claim, which is not available at time, is an objective of further studies. Applying the
new interpolation procedure to various contexts is also an objective. First, spherical quadrature rules will
be addressed elsewhere. Another issue is the symmetry properties of the interpolation space. In particular,
its invariance under the action of the group of the sphere, has to be undertaken, [2]. Computational issues
clearly require further analysis. A preliminary report is presented in Appendix A (condition number of the
Vandermonde matrix and run time to evaluate the SH basis).

Finally, an important goal is the application of this new framework to PDE’s in meteorology, in the spirit
of the approach in Section 5.5.

APPENDIX A. COMPUTATIONAL ISSUES

We report in Table 6, some data related to the computation of the Vandermonde matrix Asy in (22) and
of the lower triangular matrix Lsy in (38). In the last line, the run time measured using a sequential matlab
code is also reported. Small values of the condition number are observed in both cases; for example, for

T T T T T T

77 [—e— N+ cond Asy
—— N — cond Ljy

2 i 1 1
5 10 15 20 25 30

FiGuRrE 8. Condition number of the matrices Asy and L3y for 1 < N < 32.

N 1 2 4 8 16 32
N =6N2%+2 8 26 98 386 1538 6146
cond A3y 2 2 2.1 2 2.5 6.1
cond L3y 2 2.2 2.1 2.3 3 7.4
CPU time (s) | 8.8¢-03 1.7e-03 6.7¢-03 1.1e-01 4.7e4+00 3.0e+02

TABLE 6. Condition number of the matricesAsy and Lzy. The CPU time is reported on
the third line.

N = 32, the number of grid points is N = 6146, and cond L3y = 7.4. As a result, for moderate values of N,
we expect an accurate evaluation of the interpolating functions. By the way, the behaviors of the condition
numbers as N grows look similar. This numerically shows that the unisolvent space V5, almost captures the
condition number of the full VDM matrix Asy.

The reported CPU time corresponds to the computation of the matrix L3y, of the full basis Uy of Yy,
0 < k < 3N, and of the orthogonal matrix Vzy. It also includes assembling the matrices Ay, k < 3N. ' For
each value N = 1,2,4,8,16, 32, the computations are repeated five times and the reported CPU time is the
average.

IMatlab code on a Laptop using a CPU Intel 19-9880H@2.30 GHz.
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APPENDIX B. REPRESENTATION OF THE BASIS FUNCTIONS FOR N = 2

For completeness, we report the computed basis for N = 2. Fig. 9 reports the basis of the subspace YV}

and Fig. 10 reports the basis of the of the orthogonal set (J5)1. For each basis function u, the convention
is the following: we plot u on the sphere, and we draw the CSs mesh; then we represent six views of this
sphere, taken in front of the six panels of the cubed sphere.
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[6]
[7]
(8]
(9]
[10]
(1]
(12]
(13]

(14]

REFERENCES

K. Atkinson and W. Han. Spherical Harmonics and Approxzimations on the Unit Sphere: an introduction. Number 2044 in
Lect. Notes. Math. Springer-Verlag, 2012.

J.-B. Bellet. Symmetry group of the equiangular cubed sphere. hal-03071135, 2020.

M. Brachet and J.-P. Croisille. Spherical Shallow Water simulation by a cubed sphere finite difference solver. Quat. Jour.
Roy. Met. Soc., 2021.

H-B. Cheong. Double fourier series on a sphere: applications to elliptic and vorticity equations. J. Comp. Phys., 157:327-349,
2000.

R. Daley and Y. Bourassa. Rhomboidal versus triangular spherical harmonic truncation:some verification statistics.
Atmosphere-Ocean, 16(2):187-196, 2010.

G.H. Golub and C.F. Van Loan. Matriz Computations. John Hopkins University Press, 3-rd edition, 1996.

M. N. Jones. Spherical Harmonics and Tensors for classical field theory. Research Studies Press, 1985.

S. Kunis, H.M. Méller, and U. von der Ohe. Prony’s method on the sphere. SMAI J. of Comp. Math., S5:87-97, 2019.
R.D Nair, S. J. Thomas, and R. D. Loft. A discontinuous galerkin transport scheme on the cubed sphere. Month Weath.
Rewv., 133(4):814-828, 04 2005.

B. Portelenelle and J.-P. Croisille. An efficient quadrature rule on the cubed sphere. J. Comp. App. Math., 328:59-74, 2018.
R.J. Purser and M. Rancic. Smooth quasi-homogeneous gridding of the sphere. J. Comput. Phys., 124:637-647, 1998.

C. Ronchi, R. Iacono, and P. S. Paolucci. The Cubed Sphere: A new method for the solution of partial differential equations
in spherical geometry. J. Comput. Phys., 124:93-114, 1996.

P. A. Ullrich, C. Jablonowski, and B. van Leer. High order finite-volume methods for the shallow-water equations on the
sphere. J. Comput. Phys., 229:6104-6134, 2010.

Y.K. Yee. Solution of Poisson’s equation on a sphere by truncated double Fourier series. Mon. Weath. Rev., 109:501-501,
1981.

T UNIVERSITE DE LORRAINE, CNRS, IECL, F-57000 METZ, FRANCE
Email address: jean-baptiste.bellet@univ-lorraine.fr, jean-pierre.croisille@univ-lorraine.fr

¥ UNiversITE DE PorTiers, CNRS, LMA, F-86000 PoOITIERS, FRANCE
Email address: matthieu.brachet@math.univ-poitiers.fr



INTERPOLATION ON THE CUBED SPHERE WITH SPHERICAL HARMONICS 20

FIGURE 9. Orthonormal basis u’, € Y/ C Y;,,1 < i < gn,0 < n < 3N, of the unisolvent set
Viny = ®o<n<anY,; N =2.
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§UE §UE
§ug §UE

FIGURE 10. Orthonormal basis u!, € V", g, +1 < i < 2n + 1,2N < n < 3N, of the
orthogonal supplementary Yy = Gan<n<anYs; N = 2.
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